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This report examines and evaluates three leading conventional " S
decoding algorithms for BCH and Reed-Solomon error-correcting codes: R an
;:-m‘i'-i
. . . , ¥
e the decoding algorithm of Sugiyama et al., which is based on NG N,
Euclid's algorithm o
t'| Q.:;
e a decoding algorithm developed by Scholtz and Welch based on "::,5::,
Mills' continued fraction expansion .,.. .?
#
e the Berlekamp-Massey decoding algorithm. V"-' ."
The three algorithms can be viewed as slightly differing variations :.“::
of Euclid's algorithm for finding the greatest common divisor of two °
polynomials. All, in appropriate versions, are suitable for VLSI ,, . "‘
.(-
implementation in a two-dimensional array for pipelined decoding of ‘-"
received codeword polynomials distorted by errors and erasures.
"N
Extension of the classical decoding theory for BCH codes :g(('.«
o RN
The classical decoding theory for t-error-correcting BCH codes j‘%:-' :’
. Wl ]
as developed by Peterson, Gorenstein and Zierler, Chien, Forney, and - .
Berlekamp is centered about the key equation o RASNING
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relating three important polynomials: fzg
: 'u'afl‘:!:
e the known syndrome polynomial S(x) &
e the unknown error locator polynomial A(x) ?ﬁr"“
. Rt
o the unknown error evaluator polynomial ~(x) e

The three conventional algorithms under study solve this
equation for the unknown polynomials A{x) and "(x) given the known
syndrome polynomial S(x). The error locations can then be
determined by a Chien search for the zeros of A(x) and the error
magnitudes can be calculated directly by Forney's formula F “ﬁ“{

where Yj is the jth error magnitude, Xj is the field element

denoting the jth error location, and A'(x) is the formal derivative
of the error locator polynomial.

We have rounded out the classical theory by defining a new
polynomial &(x) such that

A(x)S(x) = x2tR(x) + o(x).
The polynomial A(x) contains the same information as the

error evaluator polynomial 2(x) in that the syndrome polynomial can
be recovered either from the pair (2(x), A(x)) or from the pair
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(A(x), A{x)). This leads to the derivation of a new formula for
calculation of the error magnitudes in terms of A(x) and A(x). This
new formula (an alternative to Forney's formula) can be used if A(x)
is easier to calculate than a(x).

Inside Euclid's algorithm

Euclid's famous algorithmn for finding the greatest common
divisor of two integers can be immediately generalized for finding
the greatest common divisior of two polynomials f(x) and g{(x) over a
given field. In the extended version, the algorithm also yields
polynomials a(x) and b(x) satisfying

ged(f(x), g(x)) = a(x)f(x) + b(x)g(x).

This form of the algorithm, with suitable modifications, can be used
to solve the key equation to produce the error locator polynomial
A(x) and the error evaluator polynomial a(x) (or scalar multiples
yA{x) and ya(x) for some field element v), given the syndrome
polynomial S(x). Euclid's algorithm is the basis both for the
decoding algorithm of Sugiyama, et. al. and for the decoding
algorithm based on Mills' continued fraction expansion.

Imbedded within Euclid's algorithm is a polynomial division,
itself an iterative process, which must be performed once during
each iteration of the algorithm. To implement the algorithm in a
systolic array, it is desirable to break the polynomial division
down into its component sequence of partial divisions, where each
partial division consists of a field element inversion, a
multiplication of a polynomial by a scalar, and a polynomial
subtraction.
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We have looked inside Euclid's algorithm to examine the
implications of this replacement. When the polynomial divisions are
replaced by a sequence of partial divisions, Euclid's algorithm
exhibits a two-loop structure; one loop is executed when the partial
division does not complete a polynomial division, and the other loop
is executed whenever the partial division does complete the
pclynomial division. (Both loops contain common steps.) A valid,
cleaner, and more efficient algorithin can be obtained by deleting
one of the loops, with suitable modifications to the remaining
loop. The resulting improved algorithm bears a striking resemblance
to Berlekamp's algorithim. In effect, this study shows why the
Berlekamp-tassey decoding algorithm is more efficient than the
decoding algorithms based directly on Euclid's algorithm.

o

2

The Berlekamp-Massey algorithm in a Euclidean context

Both the Berlekamp-Massey algorithm and the decoding algorithms
based upon Euclid's algorithm can be improved by adopting features
from each other. The chief drawback of the Berlekamp-Massey
algorithm when implementated in a systolic array is the need to
calculate a discrepancy between the value of the next syndrome
symbol and the next symbol output by the current linear feedback
shift register (in Massey's formulation). This calculation requires
an inner-product computation at each iteration of the algorithm, a
computation whose length increases with the number of iterations.
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We have expanded the Berlekamp-Massey algorithm, employing
additional polynomials including a remainder-like polynomial r(x)
that corresponds to the remainder polynomial retained in the
Euclidean decoding algorithms. Retention of r(x) obviates the need
to calculate the discrepancy at each iteration, for at itcration j
the jth discrepancy is given by the coefficient rj. Thus, at the
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cost of additional multiplications and storage, expansion of the :,.o:.:l
y o6
Berlekamp-Massey algorithm in a Euclidean context renders the ﬁ:}:ﬁt
.l
algorithm suitable for VLSI implementation in a two-dimensional r
systolic array. R
0Ny
e ?Ji:;‘ L/
The Mills algorithm in a Berlekamp-Massey context Myl
HRERY
Similarly, the decoding algorithms based on Euclid's algorithm ;.,-‘-‘..,-
LN APy
can be improved by modifications that move them closer to :::::;::','3
OO
Berlekamp's algorithm. The polynomial divisions in Mills' decoding :'::::i‘::‘:;
) . coe . . (o
algorithm are replaced by a sequence of partial divisions, again AR
resulting in a two-loop structure. One loop is then removed, @v_;;.v
yielding an improved decoding algorithm based on our enhanced v§
version of Euclid's algorithm. We have confirmed the validity of .0::::
At
the new algorithm by demonstrating that the partial results WOy}
generated by the algorithm can be mapped by scalar multiplication f:?:;g,;
N oY
into partial results generated by its predecessor. The new version E;g:ﬁ-;;
of the Mills' algorithm closely resembles the Euclideanized version (:-’;jz
of the Berlekamp-Massey algorithm, and scalar multiples of the 2’&”&:
partial results obtained from the one are equated to the partial ' .'::
results obtained from the other. This demonstrates an equivalence i .....::’
‘ \)
among all three of the decoding algorithms studied. g.i:‘ !
'i"n !
. . . @
Inversionless decoding algorithms R
N
oty
The three decoding algorithms under study and the variants and :::':-:: 4
L "
hybrid versions constructed therefrom all require finite field v
divisions or, equivalently, inversion of finite field elements. XA,
These requirements can be removed, at the cost of further scalar ;'_‘.’:-\E:
0%
multiplications, by Burton's technique. When Burton's ;‘,‘,f:f‘
NI,
transformation is applied to the Euclideanized Berlekamp-Massey "-‘f~:~
ey
vii e
‘.‘,:;:
%.".:'
AR
i (O i
N30
, - ~ . e " ~ W ~ R P e e IR T TR AN e T % L T \.\'\-\'-"&\ \]
R e e A ot e Tt P e e R Dl e S A e k}:""‘%"}“\"' NN :}).\‘\\S-‘( o
Pr e . A EASAE A A T AT AT BTN AT I A .-a.r-\p.g-.'.\.. An > ) RN N "
R R e



o(X.")
Y. = - __...‘] -
So-
J THXIH)
J
viii
PR R o T R R LR S PR S C RN AT SO P P N AR L L RS SV SR C N
. :_'r_':,:.‘")-_ .- .r:.-:'.- N N N N N N N N N O N A
NN A N N N A N N N A I A A I N N
nt "..\*\ “1‘,,,."\ ’\_“N}P . 'h"\'.‘,, VN ’~.“fo_1".-' - ros

e ety et TR N NUTY IR RN A RERTG R R PR WM, WO LT PN YON TR LM O U4 PO . I RMTERTHIRT R KNSR T, Wy ¥ ]

et
algorithm and to the enhanced version of the Mills algorithm, the :}&iﬁ‘
resulting algorithms are identical, except for an algebraic sign in Ef: ]
one step. A
T

Decoding with erasures :&:;:iﬁ
RN

Forney has shown that, by defining a (known) erasure locator hﬁ';i
polynomial «{x) analogous to the error locator polynomial A(x) and K

defining a modified syndrome polynomial T(x) by

T(x) = v(x)S(x) (mod x2%)

one can solve the key equation for errors-and-erasures decoding of
t-error-correcting BCH codes

Ax) = A(x)T(x) (mod x2t)

T{x)S(x) (mod x2t)

for the errata evaluator polynomial 2(x) and the error locator
polynomial A(x). An erratum is either an error or an erasure. The
errata locator polynomial m(x) can then be obtained as

T(x) = «(x) A(x).

Forney's formula for calculating the jth erratum magnitude is
rewritten as




4
where 7T'(x) is the formal derivative of T(x) and Xj is the field h::::,::
BTt hy
' element associated with the jth erratum location. Substitution of » .:.::2
T(x) for S(x) in any of the decoding algorithms yields the .u!u!§
appropriate values for A(x) and Q(x). S,
NS
! L
: Blahut has shown, however, that the errata Tocator polynomial ;: ':-:a:‘g
M(x) can be obtained directly from Berlekamp's algorithm if the -_’
feedback connection polynomial for the shift-register (in Massey's : .
formulation) is initialized by the erasure locator polynomial «(x) Zf-\':_'
Y
in place of the polynomial 1. By combining these results, we derive Ei:,-
decoding algorithms of the Berlekamp type and of the Euclidean type ROLNA
1 that yield both the errata locator polynomial M(x) and the errata j'.*?f’_
i
evaluator polynomial a(x). These algorithms obviate the usual need W :o»,..at
O
to calculate T(x) by a polynomial multiplication of k(x) and A(x). -"“E’:E;
! :':'l!'
Conclusions i
AT
—_— it
.‘l:'-f:-" \
[N,
This study has demonstrated that versions of these three :‘:f_'.:)_
BCH decoding algorithms can be constructed that N
L
R
o allow for the decoding of both errors and erasures :: e
::f-‘.rﬁ
"1
¢ do not require finite field inversions or divisions N
~ v~.'
5
e are suitable for VLSI implementation in a two-dimensional .E{:\‘ N
systolic array, allowing pipelining of the received codeword .'::: oy
AL
polynomials. e
. . . iRt
This implementation will be the subject of further study. RS
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1
1\' 3 l‘..:
] INTRODUCTION T
';'e
K 1.1 PURPOSE "‘3'1‘;
: ey
\ s
h The objective of Project 7560, Error Control Codes and i
Modulation Techniques, is to identify and develop decoding g ."
;‘ algorithms that lead to architectures well suited for very large ",:.::
:. scale integrated (VLSI) circuit technology implementation. The '0..:
t e
: early thrust of the FY86 activities was to develop an awareness of ;'}p
current research in convolutional coding, signal-space coding, and ....,‘
3 . . . . ! bt
o algebraic block coding. We concluded that algebraic block coding "% ;‘:E:&
?,' held the most unfulfilled potential for VLSI implementation, and Q:.}:g‘-
: \
\ then focused project activities in this area. ,.»!:‘:!
®
( :‘i
\ Three leading algorithms for the decoding of Bose-Chaudhuri- %.&, '
Hocquenghem (BCH) codes and Reed-Solomon codes were selected for .’u'
! study and comparison. These were the decoding algorithm of ,:::‘.;
) Sugiyama, Kasahara, Hirasawa, and Namekawa; Mills' continued- ;,-.;,s.
3 t
\ fraction algorithm; and the Berlekamp-Massey algorithm. Hybrid ‘.,‘::‘:f
¢ .
¥ versions of the algorithms were developed, and enhancements that :.%}?gf
f improve the efficiency of the algorithms or their suitability for o
- VLSI implementation were proposed. This report documents the ':fi."
3 results of our investigation. ‘-\'&
:'.:'.’j-x,_'
The report is intended to provide the circuit designer with a ;\\.?E
thorough understanding of the decoding algorithms. The approach _“
\ taken is a descriptive rather than a formal mathematical one. Each
R algorithm is described concisely and precisely using Iverson's "i
\ programming language (APL). Each algorithm is illustrated by a i
decoding example. Formal theorems and proofs are avoided throughout .,..
ol
o Oy
v ":‘:::'
. 1 R
‘ .:,,-.‘,\.
. ~~ .' \ v \ LY Bt R, ! =~ R ‘.. . 'y.
'. ai.'c .‘o '.ﬁ‘: "'." .:2 ;ﬂ .': o ’Q‘ .I i) ... '\- ~ ,N\f.s.ﬂ,j}-.'f'ﬂ AN ',.~"\': :" iy ol '-i-s.ﬂ" LT \‘;\ Wiy 2 :\ )
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the report, but the attempt is made to show how and why each
algorithm works. Estimates are made of the complexity (number of
scalar multiplications) and throughput (number of cycle times or
systolic array levels) associated with each algorithm.

We assume that the reader has some knowledge of the basics of
algebraic coding theory. The design and structure of BCH codes are
not discussed. Encoding is not discussed. Decoding is discussed in
great detail, but with emphasis placed on solution of the so-called
key equation. Each of the three algorithms solves the key equation
for the error locator and error evaluator polynomials, given the
syndrome polynomial derived from the received codeword polynomial.
This is the critical section of an algebraic decoder.

1.2 BACKGKOUND

The advent of BCH codes [1-3] gave birth to a flurry of
activity in the design of algebraic decoders. Peterson [4,5]
developed the fundamental algorithm, based upon inversion of finite
field matrices, for decoding binary BCH codes. Gorenstein and
Zierler [6] extended Peterson's algorithm to nonbinary BCH codes,
noting that the codes of Reed and Solomon [7] form a special case of
nonbinary BCH codes. Chien [8] proposed a search method for
deriving the error locations from the error locator polynomial.
Forney [9] gave a direct formula for calculating the error
magnitudes from the error evaluator polynomial and the formal
derivative of the error locator polynomial and also developed a
method for decoding erasures.

Berlekamp [10] developed an efficient algorithm for determining
the error locator and error evaluator polynomials. Massey [11]

2
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elucidated Berlekamp's algorithm by deriving it as a method for
synthesizing the shortest linear feedback shift register (LFSR) that
will generate a given sequence. The algorithm now is frequently
called the Berlekamp-Massey algorithm.

Sugiyama, Kasahara, Hirasawa, and Namekawa [12] employed
Euclid's algorithm to solve the key equation for the error locator
polynomial and the error evaluator polynomial. Mills [13]
gave a continued-fraction algorithm for finding linear recurrences.
Mills' algorithm is in essence the same as the algorithm of
Sugiyama et al. Welch and Scholtz [14] showed an equivalence
between Mills' algorithm and the Berlekamp-Massey algorithm.

We regard these last three algorithms as variants of Euclid's
algorithm. Viewing the Berlekamp-Massey algorithm in a Euclidean
framework, for instance, provides a deeper insight into its
workings, leading to computational simplification and to the
elicitation of further information from its employment.

1.3 SCOPE

This report contains a detailed examination of these three
algebraic decoding algorithms proposed for the decoding of BCH
error-correcting codes. We compare the suitability of the
algorithms for VLSI implementation. All three algorithms are viewed
essentially as variants of Euclid's extended algorithm for
polynomials. Several versions, including hybrids, of these
algorithms are developed and compared. Each version is represented
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in the form of a program. This provides both concision and E"':g
precision in the description of each algorithm, highlighting the B,
similarities and differences between different variants. ‘u‘.‘t‘
Section 2 of the report reviews Euclid's algorithm. Section 3 ""
consists of two parts: a brief review of the decoding problem for
BCH codes and of the classical decoding algorithms as developed by ,,
Peterson, Gorenstein and Zierler, Chien, and Forney; and an ,‘".“,
extension of the classical development, providing an alternative to .::',;
Forney's formula for calculating the error magnitudes. - :'
g
Sections 4, 5, and 6 contain reviews of the three algebraic A ‘:.“
decoding algorithms under consideration. Section 4 examines the 'f’ .:(
algorithm of Sugiyama, Kasahara, Hirasawa, and Namekawa. Section 5 hON "}
expiores the relationship between Euclid's algorithm and Mills' ':‘s::
continued-fraction expansion. The decoding algorithm obtained by ,“}2
Scholtz and Welch from Mills' algorithm is examined and shown to be Eg.;:
essentially the same as the algorithm of Sugiyama et al. Section 6 Zi""
reviews the decoding algorithm invented by Berlekamp and rederived Q;‘lf,'}
by Massey in the context of LFSR synthesis. ‘ '
. ¢
Section 7 contains the main results of the report and is ,_.,'.-‘”z.'
divided into five parts. In the first part, the Berlekamp-Massey ':‘n‘t
algorithm is expanded in a Euclidean context by the calculation of ?'i'_,
additional polynomials analogous to those computed in the extended ;E:::'.'
Euclid's algorithm. The resulting algorithm is more efficient for a'-t}';{
VLSI implementation because the inner-product calculation of 1:;',"',-"_:
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;‘: discrepancies is obviated. Section 7.2 examines a new decoding %3‘; :
;: algorithm proposed by Citron, and shows that it belongs to the class ~?';Q;?
* of Euclideanized berlekamp-Massey algorithms developed in section o
“ 7.1. Euclid's algorithm for polynomials is dissected in section *:;"_;.»
;:} 7.3. The polynowmial divisions inherent in the algorithm are first *‘-:" .j
7: separated into their component partial divisions. The resulting ﬁﬁi
¥ algorithm is then modified and rearranged into a cleaner, more '
Py efficient version of Euclid's algorithm. In section 7.4 this same '&;::E
o dissection and modification are applied to Mills' decoding '“'ﬁ'
_ algorithm. The resulting algorithm, incorporating the more '.:'fl
* efficient version of Euclid's algorithm, is more efficient for )
) decoding and closely parallels the Euclideanized versions of the ;f\:“
. Berlekamp-Massey algorithm. An equivalence between Mills' algorithm m:
i: and the Berlekamp-Massey algorithm is then established by 'd: .:
o demonstrating that the partial results obtained by the various e
i) versions can be mapped into one another by multiplication by @'&‘:
‘: suitable scalar factors. Section 7.5 summarizes the similarities :0.‘5'::
:O: and differences among the several algorithms and their variants. 0;.':
;'. In section 8, the decoding algorithms are modified, using a -‘
j technique developed by Burton, to avoid all finite field division or 3’}.‘\-
i: inversion. The resulting versions of Mills' algorithm and the ;ﬂ
L Berlekamp-Massey algorithm are seen to be nearly identical. In
) section 9, results are extended to include the decoding of erasures "iw
. as well as errors. Results of Forney and of Blahut can be combined ";
o to give decoding algorithms that directly furnish both the errata &“’Ef.-
! locator polynomial and the errata evaluator polynomial. Section 10 .
" summarizes the conclusions of the study. Mgt
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SECTION 2 gttt
EUCLID'S ALGORITHM

In Book VII, Proposition 2 of his Elements [15]. Euclid gave :&':ﬁh
his famous algorithm for finding the greatest common divisor &
gcd (s,t) of two integers s and t. . '..::'.:o'

Let s > t > 0. Dividing s by t, o ;;;’-;';

)
s=qt+r, (0<r <t) ;

and, if r; > 0, the gcd (s,t) must also divide the remainder r,. ;-33
Continuing the process if r, # 0, ?.3'-‘;'

t=qr; +ry, (0<r, <ry),

o
etc. ‘}4‘;(

= U2 kel ¥ ka2t (02 Thaz € Tiat!

-
3
-

+ ]
22

e

until finally, for some n, r, must equal O: '\."5‘,:'
dant

- ®

"n-2 = 9lpy * O AR,

;"' r
Y
7
b
e

o~
Since rp.1 divides rp.2, it must divide rp.3 = qp-1rp-2 + "‘E_, ]
% %]
rn-1, and, similarly, all ry, back to ry = t and r_; = s. Thus, TN
rn-1 is a common divisor of s and t, and since the gcd (s,t) must s
NS
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divide each nonzero remainder ry, rp.1 must be the greatest NS
common divisor of s and t. The recursion of Euclid's algorithm is ?\r
given by .
L
MR TR
Ot
= - ittty
= k-2 T Kkl (1) NN
i....'.
ottt
A simple program for Euclid's algorithm is shown in program 1. ity
(At t
The programming notation is loosely adapted from Iverson [16]. The .;:»‘,3'.!'.":'::-»
e sge " "; '-.'h‘a'l."f
back-arrow can be read as "is specified by," the colon as "is dfqﬁyﬁv
)
compared to." For each specification statement, the quantity to the »'ﬁmﬁﬂﬂ
left of the arrow is replaced by the quantity to the right. For SR
comparison statements, branches leaving the statement at either E$~f~ﬂ$
P ot
side are followed if, and only if, the relation represented by the :?ggg
branch label is satisfied when substituted for the colon in the Eﬁhlﬁﬁk
comparison statement. A branch with no label is always followed. ?’F‘;:“
L g.:.
W)
.(.
The notation |a/b| denotes the integer part or quotient of the égg?g
division of a by b. r0 and rN represent the "old" and "new" *LS“&

values of the remainder ry at iteration k. At the beginning of
the kth iteration, r0 is r_o and rN is r _y; at the end
of the kth iteration, r0 is rg_1 and rN is ry.

Example 1: s = 9022, t = 4719.
Initialization: r0 « 9022
N « 4719
Iteration 1: qQ «1
y « 4303
r0 « 4719
rN « 4303

.r"“.)"'.f S
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INITIALIZATION

RECURSION

INPUT: INTEGERS s >t > 0
OUTPUT: 1 = gedys,1)

Program 1. EUCLID'S ALGORITHM
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Iteration 2: q «1
y +« 416
r0 « 4303
rN « 416
Iteration 3: q « 10
y <« 143
r0 « 416
N o« 143
Iteration 4: qQ «2 R
. y <« 130 J o
r0 « 143 fcarine
rN « 130 % i
%
: ot
Iteration 5: q «1 S\
y o« 13 -
rg « 130 e
rV « 13 NG
\l.::';-\?\
Iteration 6: qQq « 10 NESEY LY
y < 0 > N
r0 « 13 e
N eo e
- '.-,';-(-

o
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At termination of the example, when rN = 0, the gcd
(9022,4719) is found to be 13. Tracing through all the remainders
r0 and rN for the six iterations yields

SR
' P
-

o f L g
e )7
fggﬁ

(
A

"
<

gcd(9022,47195) acd (4719,4303)
gcd (4303,416)
gcd (416,143)
gcd (143,130)
gcd (130,13)
gcd (13,0)

13

‘L L
s
’,

?
‘l/l

Euclid's algorithm also will provide integers a and b which
satisfy the equation

ass + bet = gcd (s,t). (2)
10
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To achieve this the initial values a.;, ap, b_;, and b, are chosen
as (1,0,0,1). A recursion analogous to (1) is then applied to a and
b:

3 T 2 T [

=b b

k-2 = %Pk-1 (3)
It follows, by induction on k, that at each iteration k,

8 °s + bt =, (4)
Program 2 is a modification of program 1 which provides a and h.

Example 1 (continued): s = 9022, t = 4719.

k q ro rN a0 aN b0 bN

0 - 9022 4719 1 0 0 1 PR
1 1 4719 4303 0 1 1 -1 Ry
2 1 4303 416 1 -1 -1 2 S
3 10 416 143 -1 11 2 -21 A
4 2 143 130 11 =23 -21 44 PG
5 1 130 13 -23 34 44 65 °
6 10 13 0 38 -363 -65 694 20

At termination

34.9022 + (-65)+4719 = 13

satisfying (2).
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— s ExiT

START oo -~ q - Lfo/'N.l
M- y - r-q®
0 - 1 P - W
a¥ -0 M-y
b ~ 0 y - a-qa"
N ~ 1 a® ~ N

N~y
INITIALIZATION y « b9 - gbV
b0 ~ bN
BN -
o ™o
RECURSION

INPUT; INTEGERS s >t > 0
OUTPUT: r° = ged(s,t) = a% + bOt

Program 2. EXTENDED EUCLID'S ALGORITHM
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The recursion (3) for ag and by can be written in matrix e
form as

% %1 %-1 %2 || % REEd

\(".‘
A
T

— — — tnis.
- - \
32 o3 QG-q 1 q 1 ety
= ®
bp b3 10 1 0 Rt
VI —_ V‘ l:.‘

? ."i'.'i

|'0 0

. 9’ ::":.I;
) RO

F',:ﬂ\' ,\.':

— i

0 til-m 1ff-a 1 -q 1 A

= LN & ' "‘f
1 0 1 0 10 10 °

R

Taking determinants on both sides,

) k+1 ( 5 ) :-\';‘-;;:f.'-:’

be-1 = B3y = (-1 e

a

which gives the useful result that gcd(ag,bx) = 1 for all k. RGN
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Euclid's algorithm can be immediately extended to polynomials !af“ﬂ“c
and, in particular, to polynomials over a finite field GF(q). The , sﬁsgﬂ

iyttt

greatest common divisor of two nonzero polynomials f(x) and g(x) is Jb?;*'
defined as the monic polynomial of greatest degree that divides both :33$Q\q
f(x) and g(x). For every pair of polynomials f(x) and g(x), with W qa“
g(x) # 0, there exists a unique pair of polynomials q(x) and r(x) ;g'ﬁ‘g
such that bIALAEE

f(x) = q(x)g({x) + r(x) (6) & «4$3

s !
and deg(r(x)) < deg (g(x)). However, r(x) is not necessarily A
monic. At the termination of Euclid's algorithm (program 3), R

geged(£(x),g(x)) = r0(x) = (x)F(x) + b2(x)g(x) B

2

1 8
‘.‘::4' 1
-,
*

where 8 = r% e GF(q) is a field element.

y :'
I,

3%
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CEES
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Program 3 is identical to program 2, except that polynomials
have replaced integers in all program statements. The notation
f(x)/g(x) represents the rational function or infinite power series
in x obtained when the polynomial f(x) is divided by the polynomial
g(x). The notation |f(x)/g(x)| denotes the quotient polynomial q(x)
of (6), i.e., the polynomial or "integer" part of the division of TN
f(x) by g{x). The notation 'f(x)|g(x) will be used to represent ;52:“§5
the remainder polynomial r(x). AR
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R START
: >  Px) - f(x) ax) ~ [rPix)
™x) - g(x) y(x) = x) ~ q(x)r{x)
) a%x) < 1 r°x) - ™x)
; aNx) - 0 ™Nx) < y(x)
bo(x) - 0 y(x) — a%x) - q(x)a(x)
b¥x) - 1 a%x) — aM(x)
aN(x) - y(x)
INITIALIZATION y(x) « bO(x) - q(x)bN(x)
b%(x) ~ bN(x)
bNx) ~ yix)
1 Moo > EXIT
RECURSION

INPUT: POLYNOMIALS f(x), g(x) > 0; DEG(f(x)} = DEG(g(x}))
OUTPUT: rP(x) = 3 - ged(f(x), g(x)) = a°%x) f(x) + b(x) g(x), 8 « GF(q)

Program 3. EUCLID'S ALGORITHM FOR POLYNOMIALS OVER GF(q)
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The recursion in program 3 is directly analogous to that of
program 2. An analogy can also be drawn to equations (4), and (5)
for polynomials aK(x), bK(x) and rk(x):

a(x)f(x) + bK(x)g(x) = r¥(x) (7)

a ¥ 1 (x) - b¥(x)akt(x) = (-1)K*? (8)

Equation (8) implies that gcd(ak(x),bK(x)) = 8, a field element.

x> + 3x* + 3x2 + 5x + 10
2x2 + 7x + 3

Example 2: f(x)
g(x)

over GF(11).

f(x)/g(x) = 8x2 + 7x + 9 + 10x-! + 6x-2 + 8x=3 + 7x-" + 2x-3

+ 10x-% + 6x=7 + 8x=8 4+ 7x-% + 2x-10 + ..

LF(x)/g(x) | = 6x> + 8x%2 + 7Tx + 9 = q*(x)

|f(X)lg(x) = 9x + 5 = ri(x)

Results of applying program 3 are presented in the following table:
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k rN(x) q(x) bN(x)

U A O AW

Y Q;'%%C
N :"‘é-:a

.|.:.|

;:

-1 x2+3x"+3x24+5x+10 - 1 0

0 2x2+7x+ 3 0 1
1 5x34+3x244x+2
+

4x+2

1 9x+ 5 6x3+sx2+ 7x+9

2 0 10x+5 5x "+

Begcd(f(x),g(x)) = 9x + 5

f(x) + (5x3 + 3x? + 4x + 2)g(x)

gcd(f(x),g(x)) = x + 3

Program 3 is adapted in sections 4 and 5 for solving the key
equation for BCH decoding. First, a brief review of the decoding
problem is presented in section 3.

17

o A R N A . \ .
\ '\)\ )ﬁl}: ‘:-.‘.‘-;'- :}}-}‘ 3
" Y " ( ()

v YR a8

‘(r p3 ‘, ol ('\).'\-

AT ” %
.1 \‘.\s ‘¢ 'r nf“f«\"n‘f-&, 5.:‘\.;& Hﬁ“’i}

.‘- .'5 '..l ¥

-,""."- S
-."5‘ :,ﬂ. s



. ol al" ity

-

R

- e A

-

oy

e e g

-, -

"

},_-.

ERN

YL LCH

"’"ﬁ* Wb
ﬂ.-'*’:-‘n.

\.l'l_l‘l SO0

SECTION 3
THE DECODING PROBLEM

In this section, based in part on material from Peterson [5]
and Blahut [17], the decoding problem for BCH codes and the key
equation are briefly reviewed. In subsequent sections various
algorithms which have been proposed for solving the key equation and
which are shown to be variants of Euclid's algorithm are presented.
This section presupposes some familiarity with algebraic coding
theory on the part of the reader. Encoding is not discussed, and
knowledge of the structure and construction of generalized BCH and
Reed-Solomon codes is assumed. The reader should refer to any of
several excellent standard texts on algebraic coding theory, e.g.,
[10], [17-20], for further background material.

This section is aivided into two parts. In section 3.1 the
classical theory as developed by Peterson [4], Gorenstein and
Zierler (6], and Forney [9] is presented. In section 3.2 a slightly
different view is taken, and an alternative to Forney's formula for
the error magnitudes is developed. The new formula is important for
completion of the classical theory rather than for any computational
advantage.

3.1 THE CLASSICAL BCH DECODING THEORY
Assume a BCH code designed to correct t errors in a codeword of
length n, where n is the order of the element a of GF(qM™), the

finite field of qM elements, used in defining the code, q is a
power of a prime, and m is a given integer. If a is a primitive
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N element, n = q™ - 1. Throughout this report we assume that the q.l.u.
i; code is generated by a generator polynomial g(x) defined by bty W
" !
; S
X g(x) = dem (f1(x), fu(x), ..., fog(x)) el
iy e :'n
b "l
E) &x“n “':
i . .A
) where fj(x) is the minimal polynomial of ~J and lcm denotes the .:;:p;:'s
K I L]
{. least common multiple. Let c(x) represent the transmitted codeword 3“%:::‘2:
o polynomial, e(x) be an error polynomial, and v(x) = c(x) + e(x) be '!’:'i'.ii::
iy . . .
B! the received codeword polynomial. Define 2t error syndromes Sj by -'»‘!
XA
3 e e
: Sj = v(ied) = c(cd) + e(ad) = e(ad) (=1, ..., 2t) . ".'c";;
AN
) i .n"O:u
v where the oJ (j = 1, ..., 2t) are roots of the code generator e
R polynomial g(x). ‘::::3:::;
Pt
$ Suppose v (v < t) errors have occurred during transmission. :‘:::‘cz
" Define v unknown error locations X;, where X, is the field i "
L element of GF(q™) associated with the 2th error 1ocation in the '.‘,::
L)
.\: codeword (numbered in ascending order of the error location Y N.;"
+ A\ 0
;‘ numbers), and v unknown (unless q = 2) error magnitudes Y,, where :o"::'
Yo # 0 and Y, € GF(q). For example, if e(x) = 6x° + 5x8 + 3x3, e
ERCA,
{ then v =3, X; =, X3 =%, X3 =, ¥, =3, Y, = 5, Y; = 6. S
\ :i::ﬂ
The 2t syndromes are given by the 2t BCH decoding equations L,-}.\ ":
L e
" . n-1 : e v : : ~ A
; Sj = elad) = T ej(ad) = T ypx. (9) R
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The decoding problem for BCH codes is to solve this set of 2t
(nonlinear simultaneous) equations for the v unknown error locations
Xg and the v unknown (if q > 2) error magnitudes Yy, given the

2t syndromes Sj.

To assist in finding a solution, the error locator polynomial

is defined as the monic polynomial having zeros at the inverse error
1

locations Xy~ for & =1, ..., v:

v v .
A(x) = T (1 - Xex) =1+ § Ajx? (10)
2=1 i=1

* Y'l{'l.':l:

(If v = 0, A(x) is defined as the zero-degree polynomial 1.)

.‘ll-r?

Next, multiply (10) by Yixi+“ and set x = Xi%

each 2 we then have an equation

For each j and

o
|

= uxitva o+ X3')

nNee

1

. v . N
O™+ T axdt
i

Summing over % from 1 to v, for each j

v v v o .
0= 3 Y™+ 5 a5 T oyt
= i=1

r=1 i 2=1
v
= Syt y B4S5ey-i (11)
i=1
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or, in matrix format,

S1 S2 S3 s o e Syl Sy Ay -Su+l

S, S$3 Sy s+ S, Sv+l Ay-1 -Sw2

Sy Swtl Sw2 ¢ v e S2y-2 S2y-1 3] =S2y
e — e p— - —

We can solve (12) for A{x) if the matrix of syndromes is

nonsingular. The syndrome matrix in (12) can be shown to be the
product of a Vandermonde matrix ¥, a diagonal matrix D, and the

transpose of V:
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The determinant of the Vanaermonde matrix ¥ is given by

|v| = 1.>-j(x,- - Xj)

(see, e.g., Hamming [21], pp. 233-4). Since Xq # Xg for & = k,

Iv] # 0. Since X, and Yy are nonzero for 2 =1, ..., v,

IDI 2 0. Hence, 'S' # 0, and the system of equations (12) can be
solved by inverting the matrix of syndromes S. This forms the basis
for Peterson's decoding algorithm [4,5].

o

f&, o

- el .
Do

“p_p l"
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There is one remaining problem. The actual number of errors v
is unknown. Peterson's algorithm, therefore, initializes v as t and
evaluates the determinant of the t x t syndrome matrix S. If

v
oy

%A

257

)
2%

}.
o,
£

s
1

%
o

|3| # 0, then A is obtained as $-%, (-St+1s =St42s ooes

-Sp¢)T; if ISI = 0, v is reduced by 1 and S is redefined by
deletion of the last row and column as a v x v matrix. Eventually,
unless all 55 = 0 (implying no transmission errors have occurread),
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for some value of v we have |[S| # 0, and A is obtained as (AVv,
veey AI)T = S-l A (-SV+1’ es ey -SZV)T.

From Peterson's decoding algorithm we know that for a
t-error-correcting BCH code, so long as v < t errors occur in the
transmission of a codeword, there exists a unique error locator
polynomial A(x) of degree v which is a solution to the system of
equations (12). The decoding algorithms to be discussed in the
succeeding sections finesse the direct inversion of the syndrome
matrix, yet rely, to some extent, on Peterson's result which proves
the existence and uniqueness of the solution.

To complete the decoding after finding A(x) we need to
determine the error locations and, if q > 2, calculate the error
magnitudes Yy. Since A(x) was defined as the polynomial having
zeros at the inverses of the error locations, these inverses can be
obtained by evaluating A(x) for all field elements of GF(qM).

This brute force solution was first proposed by Chien [8] and is
known as a Chien search. It can be efficiently implemented as a
finite field transform [17].

When q > 2, the error magnitudes can be obtained from the 2t
equations (9) by substituting the v determined error locations X;
into the first v equations and inverting the v x v matrix
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whose determinant is equal to X;Xp...X, ¢ |V| , where ¥V is again T
the Vandermonde matrix, yielding (Y;,Y,,...,Y )T = x-1. QX‘JQO'
(S1,52,..-,Sy)T. However, a more efficient algorithm has been g& *‘%
given by Forney [9], based on the direct computation of the Y Yy

L

from the error locator polynomial and the error evaluator .o,;;'.,w'
A ]

4:-%

)

polynomial.

Let the syndrome polynomial S(x) be defined by

!

2t .1 2t v i io1 :-\-t\, %

stx) = 5 sodTh = § T voxdxd (13) i
=1 Y =1 i=1 »

and let the error evaluator polynomial Q(x) be defined by

Q(x) = IS(X)A(X)IXZt- (14) ALSN

Equation (14) is known as the "key equation" for BCH decoding. (It
differs slightly from the form given by Berlekamp in [10], as the
syndrome polynomial has been defined differently, allowing a slight
simplification of Forney's formula.)
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Expanding (14), we have

Q(x) IS(x)A(x)l 2t
X

gt

2t v i j-1 v
|%21ié.nx¢ Hxi (1 ’Xﬂ’”ﬂt

RAAG
| o S

T~ %) xBi(l - xlx)]Ith

2%
5
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v 2t i1
0T ¥ixi(l - x4x) ) (Xix)97H]0 1 (1 - Xgx)
i=1 =1 2#1
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Note that deg(A(x)) = v, deg (2(x)) < v - 1.
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Evaluating (15) at x = legives
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-1
= YiX;s 0 (1 - Xo X4 )
3N 22j J

since

M1 - XgX51) = 0 for all i # j.
221

But the formal derivative of the error locator polynomial is given
by

A
AfX) = =7 X3 T (1 - Xpx)
i=l 21
and
vv=ly oy -1
AH(X57) = X3 (1 - XgX57) # 0.
LER
Therefore,
-1 -1
QX5™) Q(X57)
Yj = s e (16)
Xj 0 (1 - XgX57) AT (X57)
2%

Expression (16) is Forney's formula for direct calculation of the
eygor magnitudes. If the more customary definition of S(x) as

) ijJ is used, the denominator in (16) must be premultiplied by
J=1 -1
the term Xj.
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3.2 EXTENSION OF THE CLASSICAL THEORY

In this section, an alternative to Forney's formula (16) for
the error magnitudes is developed. To facilitate this discussion,
the concept of reversal of a polynomial is introduced. If

p(x) = pjxj

.

J

t~133

0

is a polynomial over some field, then the reversal of p(x), denoted
by p{x), is defined by

plx) = T ppogxd = x"p(1/x) (17)

[
il ~13
o

i.e., plx) has the same coefficients as p{x) but in reverse order.
Let

noo.
alx) = 7§ ajxJ
J=0

and

n2 .
b(x) = 7§ bjxJ.
j=0

By definition of polynomial multiplication, their product is given
by

a{x)b(x) = ¢c{(x) =

) ijj
J

0

Il ~13
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. . . . Wyttt

i+n-j-1i=n-17j. k{
A 000
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and X

a(x)b(x) = a(x)B(x). (18) e

w
There is no relationship analogous to (18) that holds for ' %
addition. However (18) is sufficient to show that '},:’
\J l

e ‘
ged(F(x),3(x)) = A-ged(f(x),g(x)) ﬁﬁa

for some field element 3. For if c(x) = gcd(f(x),g{x)) then ‘,:..

.
f(x) = c(x)d(x) D nvat

and 4 ::‘!.]'i

g{x) = c(x)e(x) R

for some polynomials d(x) and e(x), and by (18), c(x) is a common o ::, :

divisor of

F(x)

E(x)a(x) AN,

and

c(x)e(x). A3

a(x)

3 1 b;.'\ % .,
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Similarly, if ¢'(x) = gcd(¥(x),g(x)), then ¢ {(x) is a common divisor 3.%
of f(x) and g(x). Thus ‘

c'(x) = BC(x) 2y

for some field element 8. A

An alternative formula to (16) can now be developed in terms of
reversals. Let

R{x)

LA0S())/x2). (19) 1z

Then RO

A(x)S(x) = x2ta(x) + o(x). (20)

The polynomials A(x) and Q(x) contain equivalent information in that )
the syndrome polynomial can be recovered either from the pair
(A(x),A(x)) or from the pair (A(x),a(x)): E%ﬁ'

xZA(x) + alx) _

stx) = XA 800y (2P (x))/acx) | (21) e

since deg(A(x)) = v and deg(a(x)) < v - 1. Similarly, RN

2t-
3(x) = = Q‘f: ; A (x®%0x)) /R (x) | (22) e,
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The degrees of the polynomials in (21) and (22) are defined as ey
follows. By (10), A(x) has degree v, so

R =+ 4" e s Ayq% *+ A 4;2?'»:"’/1

The deg(S(x)) is defined as 2t - 1 (even when Sp¢ = 0) and fond
deg(a(x)) as v - 1 (even when Q,_1 = 0) so that L

S(x)

n
wn
—
x

and _:}:

™
" .:,. d
v=1 v=-2 f-_\'ﬁ A\ A
QX' T X T4 L 4 Q Xt Q. ot
®

Q(x) v-1

!
)

e

Finally, A(x)S(x) is defined to have degree v + 2t - 1 and A(x) is
defined to have degree v - 1 so that

r_)
-
-
X

o)
=%

S

v=2

- v-1 RN
x(x) - on + Alx + LY + Av-zx + Av-l. ) A

Example 3: Reed-Solomon code defined over GF(1l) with a = 2, t = 3, TR

g(x) = (x - 2)(x - 4)(x - 8)(x - §)(x - 10){x - 9) .
= x® + 6x> + 5x* + 7x3 + 2x2 + Bx + 2. SR

Let c(x) = 0, v(x) = e(x) = 6x® + 5x5, ﬁ;?:
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Then

S(x)
Ax)

A(X)S(x) = (7x2 + 2x

‘ 0(x)
: A{x)
A(x)
(x)

A(x)
S(x)

$(x)
A(x)
2(x)
K(x)
3(x)

PR R R

0 % .....‘,‘,‘ ey P D w\- .('r.- e ,"‘n"\'\"-" N‘T ~"' r.‘: \('7'\ \‘-rﬂ A Un N‘ L% \- \q N q\’l " W R
B i
‘f"’!"ﬁ"ﬂ!‘.l ot :x 9 !09'.:!‘. 09, %9 %0 .c (% s -"’ n :!M. .b.‘-l ".‘.0, AR !,‘n UMl R AR R n '... A

e{a!) =548 + 6a° =5:3+6:6=4+3=7
e(a?) = 5a® + 608 =59 +63=1+7=8
e(a®) = 5a% + 62’ = 5¢5 + 67 =3 +9 =1
e(a*) = 502 + 6a® = 544 + 6.9 =9+ 10 = 8
e(a®) =54 + 6a® =51 +6:10=5+5 =10
e(a®) =548 + 60" =53 +6e5=4+8-=1

x>+ 10x" + 8x3 + xZ2+ 8x+ 7

(1 - &®x)(1 - &®x) = (1 - 3x)(1 - 6x) = 7x2 + 2x + 1
+ 1)(x5 + 10x* +8x3 + x2 + 8x + 7)
= 7x7 + 6x% + 7
A(x)S(x)lxgt =0x +7
HA(x)S(x))/x2t] = 7x + 6
7x2 + 2x + 1
Ox + 7

7x + 6
LO(7x + 6)x5)/(7x2 + 2x + 1) |

7x> + 8x* + x3 4+ 8x% + 10x + 1
x2 4+ 2x +7
7x + 0
6x + 7
LOTX)x®)/(x2 + 2x + 7) |

Next we show that

- v -1
Vi=1
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From the definition of the reversal (17) and (10)

A(x)

"
n<

(-X; + x)

i

-1
(X1 - X710

"
W<

i=1

v

(-X.) 7 (1 - X;3x)
1 V=1 i

"
n 1<

i

\Y _1
AT (1 - Xi x).
Vi=1

Equation (23) says that A(x) is an unnormalized error locator
polynomial for an error polynomial with errors at the inverse error

locations X{l (i =1, ..y v).

This will be used in deriving the

by (18)

(23)

"‘. . ".’

new formula for error magnitudes. l
Lo RS "
--’:«';f.t‘g
- "\-‘-'H' ]
It has been shown in (21) and (22) that the polynomials A{x) RO
and Q(x) are equivalent in the sense that either can be used in :iﬁﬁ;tgf
W RN
conjunction with A(x) to obtain the syndrome polynomial S(x). This S
equivalence between A(x) and a(x) suggests that an alternative to ARSI
Forney's formula (16) can be derived in terms of the polynomial R
Ee
A{x). We now show that S
®
':l"'o ::
]
Ryttt
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(=1, ..., v)

where d = 2t + 1 is the designed distance of the code. Define

n-1 .
e*(x) = z en_ia(n—i)dx.'
i=0

where all exponents and subscripts are taken modulo n. Let X*j

and Y*; denote the error location numbers (field elements) and
error magnitudes specified by e*(x), but, for convenience, indexed
to correspond directly to X5 and Yj. For example, if over

GF(11) with o = 2, e(x) = 6x° + 5xB + 3x3, then e*(x) = 6x7 + x2 +
4x and X*| = o/, X*; = a?, X*3 = o}, Y¥; = 6, Y*, = 1, Y*; = 4.
Next, let $*(x) denote the syndrome polynomial defined with respect

to the error polynowial e*(x):

2

"‘?'

N
v
-

5 = e*(ad)

n-1 Sy s
= 3 en-ia(n-l)daIJ
i=0

_ "il i(j-d)

e .«
i=o "
n-1 .
= V e .ai(d-‘])
§=0 '
= t
&
- \
5 et
®
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) Therefore, S*(x) = S(x).

!

Let A*(x) denote the error iocator polynomial defined w.r.t.
the error polynomial e*(x) and let @*(x) denote the corresponding
error evaluator polynomial. Then

v g0t
a¥(x) = 1 (1 - X*,x) '&fiﬁﬁ
i=1 b, Q.":'f
,"
¢,
But
_ vl
X*_i - Xi
so that
v 1 -1-
A*¥(x) = 1 (1 - x; X) = A “A(X)
i=1 v
by (23). Then
Q*(x) = [A*(x)S*(x)
| l | 2t
[
= A'l A(x)S(x)
v I !x2t
_ . -1
: - AV X(X).
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By Forney's formula Sy

= - J
L Bl re
A (x*j )

Q*( X*-l ) '.I: :I:‘::‘
Roeh) o

= o % l;:;'\-
ET?;:;TT ST A

o)
K(X,) SR
= o - J . ‘s" ."::::

At(Xy) AR

But if Xj = ak, then TN

Y*.

n
-
><
p LTl
rJ
e

Therefore ¢

X(X.)
. xg"d (24) Ao
A.(XJ) ‘-

giving us an alternative to (16) for calculating the error
magnitudes Yj.
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Example 4: Reed-Solomon 3-error-correcting code over GF(1ll).
Let a = 2, c(x) = 0, v(x) = e(x) = 6x7 + 5x% + 3x3.

Then S(x) = 10x° + 7x“ + 9x3 + 8x2 + 2x + 9.

A(x) = 10x3 + 2x? + 5x + 1 Alx) = x> +5x2 + 2x + 10
At (x) = 8x2 + 4x + 5 x) = 32 + 10x + 2
n(x) = 3x? + 3x + 9 Fix) = 2x + 1
By Forney's formula (16)
Y = - A') | 3" 437 +9  4+10+9_ 1_,
A () 8o + 4o’ + 5 7+6+5 7
y M) 3 +3P+9 . 4+1+9 _ 3_
, = - 2L - . - - A
AT (~2) Ba* + 4a% + 5 7+5+5 6
vy = - o) o343+ 1+6+9 . o
A (al) 8% + 4a! + 5 10+8+5

By the new formula (24)

3 3
Yi= - E_(_(x.__)__.a3'3 = - __-_2..(1._ + 1 ---.ag = - 5+ 1—-...6 = o 6—06 =3
£'(a’) 3¢® + 10s% + 2 5+ 3+ 2 10
8 8 -
Y2= - .?L%.as'a 2 - za + 1 aL. == - -_6_+—L—-..05 =z - _7.05 = 5 :\*
A (a”) 3a® + 10a® + 2 5+8+2 4 'fc.h:
iy
9 9 (9%
Y3= - Moag.a = - Za + 1 -a7 E - ._.I__Lo7 S - 3.7 = 6 ;EL\

(o) 308 + 10a° + 2 9 +5+2 5



Example 5: BCH (15,5) 3-error-correcting code.

i)
Let o be a root of f(x) = x* + x + 1 = 0 over GF(2). ﬁt ottt

L N
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ey b
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v

12 9

Let e(x) = x!* + x!2 + x°.

»
K

i

»

t.?w. L%
Nt
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[N ST
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¥,
¥
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Then S(x) = a'2x® + at'x" + o®x3 + o®x? + o!2x + o

Alx) x3 + o
At {x)
n(x)
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By the new formula (24)

R(a’
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Aa) 948 _ —- 72 IS
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‘a AN
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The algorithms given in succeeding sections solve the key
equation (14) for a(x) and, either directly or inairectly, for o(x)
and &(x) as well. Decoaing is then compieted by applying a Chien
search to A(x) to getermine the error locations Xj (j = 1, ..., v)
and then employing either (16) or (24) to obtain the error
magnitudes Yj (j = 1, ..., v).
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SECTION 4 PR
THE JAPANESE DECODING ALGORITHM SN

.
«'..1‘

2
5
o5

<<

In this section the decoding algorithm of Sugiyama, Kasahara,
Hirasawa, and Namekawa [12], which we call the Japanese decoding
algorithm, is reviewed. It is known that the key equation (14) has

22
it

4

I‘.‘l

v
I‘é %
4
lag
Y

2
‘?‘
"ﬂ.’

a solution in polynomials Q(x) and A{x), with 9
", g

B!

deg(a{x)) < t and deg(n(x)) < t -1 e

-

(so long as the number of errors v < t). The strategy of Sugiyama, ‘J%.;r
et al., is to apply Euclid's algorithm with g(x) = S(x) and f(x) = %&;ﬁz ,
x2t. Any nonzero scalar multiple of x2t will do just as well, §33$;¢7
since the term aK(x)f(x) in the Euclidean relation .-S'::}.‘
$ﬁi@;%"
Kix) = a¥(x)F(x) + bX(x)g(x) (25) ;ﬁﬁﬁgﬁi‘
S
will disappear modulo x2t. The choice f(x) = -x2t will be R

adopted in this section. This is done simply for convenience so
that at termination aK(x) becomes the polynomial &(x) of (19).
With f(x) = -x2t expression (25) becomes

rk(X) = -ak(x)XZt + bk(X)S(X):

where rK(x) denotes the polynomial rN(x) defined in the kth
iteration, etc. Reducing modulo x2t yields

X(x) = [b%(x)s(x) 2t
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Thus, if Euclid's algorithm can be terminated in such a way that the
degrees of rk(x) and bk(x) at termination satisfy the conditions

for the degrees of Q(x) and Atx), respectively, then it provides an

effective means for solving the key equation.

Recall that, in program 3, bK(x) is the value of bN(x)
defined at the kth iteration; it follows that

K K i
deg(b (x)) = '21 degl(q (x)).
'|=

Also,
qK(x) = rk-2(x)/rk-1(x).
Thus,

deg(qKk(x)) = deg(rk-2(x)) - deg(rk-1(x))

or

deg(rk-1(x)) = deg(rk-2(x))

deg(qk(x))

deg(rk-3(x)) - (deg(qK(x)) + deg(qk-1(x)))

-1 k i
deg(r™"(x)) - 12 deg(q (x))
=]

deg(f(x)) - deg(bk(x)).
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If Euclid's algorithm is terminated at the least value of k > 0
for which deg(rK(x)) < t, then

deg(rk'l(x)) >t
which implies that

deg(b¥(x)) = deg(f(x)) - deg(r*"1(x)) < 2t - t = t.

Therefore, rk(x) and bK(x) satisfy the degree conditions for
Q(x) and A(x), respectively.

Suppose, however, that Q*(x) and A*(x) are another pair of
solutions to (14), with

deg(a*(x)) < deg(b¥(x)).
Then

rROOA*(x) = -aK()x28*(x) + bR(x)s(x)a*(x)

(26)
thk

o*(x)bK (x) (x) + A*(x)S(x)b¥(x)

-A*(x)x

or

rk(x)A*(x)I ’ ® 'Q*(x)bk(x)
X

2t
X
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However, o NI
deg(rk(x)) < t, deg(a*(x)) < t = deg(rK(x)a*(x)) < 2t
e e
deg(a*(x)) < t, deg(b¥(x)) < t = degla*(x)b*(x)) < 2t. —

Therefore,

rix)a*(x) = a*(x)b(x). (27) i ‘1E
v ()

Combining (26) and (27), e,

a(x)a*(x) = A*(x)b*(x) (28) ARl
or L

K K it
aK(x)/8%(x) = b¥(x)/a%(x) = h(x), )
333? f

say, with !

L]

P N
S
[N

e e
s

Ay

&7 s

deg(h(x}) > 0.
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Then

ak(x) = h(x)g*(x)

bk(x)

h{x)A*(x)

and h(x) is a common divisor of akK(x) and bK(x). But by (8),
gcd(ak(x),bK(x)) = 8, a scalar, leading to a contradiction.
Therefore, there can be no solutions to (14) of lower degree than
rk(x) and bkK(x). Thus, rK(x) and bK(x) are the desired

solutions o(x) and A(x), except for possible multiplication by a
scale factor v.

To obtain Ay = 1, choose y = bX and define

Y‘lbk(x)

AlX)

_1 k(x)

R(x)

The polynomial a(x) need not be computed in program 3 as it is not

used; if it is computed, then at termination ak(x) is a scalar
multiple of the polynomial A(x) and is the part of the product
bK(x)S(x) excised by the residue taking operation:

a*(x) = LbX(x)s(x))/x2E] = yA(x).
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Program 4 can be used to solve the key equation for A(x) and
Q(x) by the Japanese algorithm. The termination box can be omitted;
it serves no useful purpose. Neither the Chien search nor the
calculation of the error magnitudes by Forney's algorithm is
affected by multiplication of A(x) and @(x) by the same nonzero
field element.

For an illustration of the execution of program 4, let us again
call on the 3-error-correcting Reed-Solomon code over GF(11) with

= 2 that was used in examples 3 and 4.

Example 6: g(x) = {x - 2)(x - 4){(x - 8)(x - 5)(x - 10)(x - 9)

x® + 6x° + 5x* + 7x3 + 2x? + 8x + 2.

6x? + 5x® + 3x3.

Let c(x)

0, vix) = e(x)

103 + 7x* + 9x% + 8x2 + 2x + 9.

Then S(x)

values of rN(x), q(x), and bN(x) are shown in the following
table for successive iterations k of program 4:

K rN(x) q(x) bN(x)

-1 -xzt = -x6 - 0
0 S(x) = 10x3+ 7x*+9x3+8x2+2x +9 - 1
1 8x"*+6x3 +8x2+10x+3 x+7 10x+4
2 Ox3+7x2%43x +3  4x+2 4x2+8x+4
3 7x247x +10  7x+5 5x3+x2+8x+6

y=6,y!=2

10x3 + 2x2 + 5x + 1 = o°x3 + o!x? + a'*x + o°

A(x)

3x2 + 3x + 9 «®x2 + ofx + ob.

(x)

i
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START

Px) ~ -x2 - q(x) ~ 1PE)IMx)
™Nx) ~ S(x) y(x) ~ ro(x) ~ q(x)rM(x)
bo(x) ~ 0 ox) = Mx)
bN(x) - 1 ™) ~ y(x)

y(x) — b%x) - q(x)bN(x)
bo(x) ~ bN(x)
bN(x) ~ y(x)

DEG(r¥(x)) : t

INITIALIZATION

v
N

RECURSION

7~ by
Ax) = 7 bN(x)
Qx) = 47" )

TERMINATION

INPUT: POLYNOMIALS x2!, S(x), INTEGER t
OUTPUT: POLYNOMIALS A(x), 2(x) 0(x) = IA(x) S(x)! 2,

Program 4. JAPANESE DECODING ALGORITHM
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Therefore, the inverse error locations are given by {a!,a?,a’} and
the error locations are given by {a’,a®,a3}. The error magnitudes
are calculated by either Forney's formula (16) or the new formula
(24) as in example 4.

To assist in comparing decoding algorithms, estimates can be
made of the number of scalar multiplications required for correcting
t errors. For program 4, it is assumed for this analysis that
deg(q(x)) is always 1. In that case t iterations will be required.
Each iteration involves two multiplications of rN(x) by a scalar
and two multiplications of bN(x) by a scalar. The polynomial
rN(x) initially has degree 2t - 1 (i.e., 2t terms), and at the
last iteration has degree t (i.e., t + 1 terms). The number of
multiplications required to update rN(x), then, is

2t A
2 ) i=2t(t+1l+2t)2-= 32+ t. :}L
j=t+l s

’
s 4\‘
Fa ]

GLi L

2,
ﬁ‘.
%

The polynomial bN(x) initially has degree O (i.e., one term), and
at the last iteration has degree t - 1 (i.e., t terms). The number
of multiplications required to update bN(x), then, is

S, A,

SRR
CETAA
o :ﬁbé?!

Zt ~ fv o
2§ i=2t(l+t)/2=1t2+t, NN,
i=1 RN
. S

‘?‘5"?"

(Another t? - t would be required if a(x) were also retained.)
Program 4, then, needs on the order of 4t2 multiplications for
determining A(x) when t errors occur.
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In addition to estimating the number of scalar multiplications ?qﬁkéﬁﬁ
it is important to provide some estimate of the number of basic time %§$%$?g
units required by the algorithm, corresponding, roughly, to the ol
number of levels which might be required in a systolic array ',FJ "
implementation. For this analysis it is again assumed that t errors ﬁﬁ "
are to be corrected and that deg(q(x)) is always 1. In this case, t gﬁiﬁ&p‘
jterations of the algorithm are required, each involving two mﬂ”ﬁ."
multiplications of rN(x) and bN(x) by q(x) = q;x + q4. The “gsgq
important question to answer is whether the updates of rN(x) and 3?§:g§
bN(x) can proceéd simultaneously. At the start of an iteration q f“; ﬁﬁﬁ
is immediately available as the ratio of the leading terms of ; ‘;M
rO(x) and rN(x). Thus, both the update of rN(x) and bN(x) e
can be initiated using q;, and all terms of each polynomial can be :ijﬁiﬁz{
multiplied at the same time and then subtracted from the appropriate ?‘f::’f
corresponding terms of r0(x) and b0(x). At completion, g is ﬁ”"af‘
then available for completion of the division and polynomial ;ﬁﬁfg[:
updates. The algorithm thus requires 2t basic time units (systolic i;:?ﬁiﬁ
array levels), where a basic time unit includes the time required Qéigv@
for one finite field scalar division, one scalar multiplication, and N pl
one subtraction. The number of cells required at each level is i;EE:f
R
deg(rM(x)) + 1 + deg(bM(x)) + 1= 2t + 1 E":ﬁ,
o
resulting again in a total of 4t? + 2t multiplications. This E?E:E?_
assumes that the additional cells needed for bN(x) as it grows in ;Eisﬁi‘
length can be supplied from the cells no longer needed for rN(x) %EfEEFE

as it shrinks.
In conclusion, then, the Japanese algorithm requires on the

order of 4t? multiplications and 2t basic time units for decoding t
errors in a codeword of length n.
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SECTION 5
MILLS' CONTINUED FRACTION ALGORITHM

Continued fraction approximations are closely related to
Euclid's algorithm. In [13] Mills developed a continued fraction
algorithm for solving linear recurrences. This algorithm can be
applied to solving the key equation (14) for BCH decoding.

Following the results of Welch and Scholtz [14], we show that the
recursion employed in Mills' algorithm is the Euclidean recursion
(1), and that, in the decoding context, the algorithm is essentially
the same as the Japanese decoding algorithm with different initiali-
zation,

This section is divided into two parts. In section 5.1 the
relation of continued fractions to Euclid's algorithm is explored.
In section 5.2 the decoding of BCH codes by Mills' algorithm is
discussed.

5.1 CONTINUED FRACTIONS AND EUCLID'S ALGORITHM

Mills considers a continued fraction expansion of the form

_ 1
=Nty (29)
ys; + 1.

where y;, Y2, ¥3, ..., are elements from some field. We can write

a =y +2z;
1/z) =y, + 25
1/2; = y3 + 23
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and so forth. (In the classical case « is a real number, the yj fo A
are integers, and 0 < zy < 1 for all i.) If z, = 0 for some m, 'k}
then the continued fraction terminates with y,. Otherwise, the
continued fraction is infinite. The kth continued fraction Ty
approximation ug to o is defined by setting zx = O: il

+ = (30) '5$L¢“f

Suppose a is rational, i.e., a = s/t for integers s and t, with FERAEN
s > t. Then X

Ls/tJ ‘.:t ".

Y1
s/t - Is/tl= (s - [s/t]t)/t ®

Z)

i.e., y; is identical to q; in Euclid's algorithm and z, is identi-
cal to r;/t. Continuing,

»

Fg
A
3 %l

EAELE
T,
R
e '/z‘j'

Zrie .

Y2
Z;

[ [ ]
Y
e

T

y
=
-
=

A

&1/111 = qQ
/2y - ¥2 = ry/r)

and so forth. Taking the continued fraction expansion of a rational
number s/t is the same as applying Euclid's algorithm to find the
gcd(s,t). Let us repeat example 1 from section 2 as a continued
fraction expansion of 9022/4719.
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Example 7: s = 9022, t = 4719. s/t = 1.9118457300275...

Iteration 1: s/t = + 2y
y1 = L9022/4719] 1
z, = 4303/4719 = .911845730027...

The first continued fraction approximation to s/t is obtained by
setting z; equal to O:

ul'-'yl:lo

Iteration 2: s/t = y; + 1/(y, + z,)
y, = |1/2,] = L4719/4303J
z, = 416/4 3 3 = .096676737160

The second continued fraction approximation to s/t is obtained by
setting z, to O:

uz =y + 1y, =1+1/1=
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Iteration 3: s/t =y, + y21+ 1 ‘.‘
Y3 + 23 NN
"
- \
y3 = |1/z5] = |4303/816] = NG
23 = 143/416 = .34375 .
\“._ 3 .'
uz = _y1+y—2—}.—1—=1+-1—%-1- \“Ek
—_ S
Y3 T H?gﬁ
10 _ 21 W%
= + = 4
1 T 1T 1.9090.. 5]
RPN
5
NN
LR U
(4
VNN
.ﬂ\.‘\‘ J
[ J
Lk
L% e - T - IF\-
ARt AR ““‘:.:;:k-‘:c«, T e S T S T
'4?* ?'J\. #\» R Ay RN R *’\ﬁf ‘359\¢\} SESy v, 22 R '»*x WA :; '




UM WU FUNENE N RA LTS KRN

)

¢ Pard
& &%
vl @ Ny

P4
5

i ¢

P,
« e
'.".-:‘f
x5

o
ot
Lo o=

X, s,

|1416/143 ) = 2
130/143 = .9090...
44/23 = 1.913043478260869...

Iteration 4: y,

~ap
X
['d

e s ol o e

v Delr
oS

Iteration 5: 1143/130) = 1
13/130 = .1

65/34 = 1.91176470588235...

Iteration 6: 1130/13) = 10
0

694/363 = s/t = 1.9118457300275...

The expansion terminates at yq. The equivalence with Euclid's
algorithm shows that termination must always occur when a« is
rational, for the ry form a strictly decreasing sequence of
nonnegative integers which must eventually, for some finite m,
satisfy ry = 0.

It may also be observed in example 7 that uy = -by/ag.
That this is plausible follows from equation (4):

aks + bkt = rk

jmplies that

‘bk/ak = S/t - rk/(tak)

-ak/bk = t/s - rk/(sbk).
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W Thus the error, say e, of the approximation -by/ay to s/t is

' given by

i e = rk/(tak). (33)
»

When the expansion terminates with r, = 0 for some n, e, = 0 and
K the final approximation -bp/a, is exact. Furthermore, by (5),

& gcd{ag,by) = 1 so that uy = -bp/ap is equal to s/t reduced

by cancellation of all common factors, i.e.,

d lbn' = s/gcd(s,t)
‘g |an' = t/gcd(s,t) (34
:

More precisely, a comparison of examples 7 and 1 shows that the
relationship between the approximation uy in Mills' algorithm and
the quantities ag and by in the extended Euclid's algorithm can
be expressed by

AR S SNt

) k
] (-1)%, P
Y = PE—TS N
K U k + f ( 35 ) '.‘l\'.’\J'
¢ (-1) ak .‘_‘.‘,:'4_
AT

1 NOSESH

: e.g.,

l’ b
. w = 44 _
P b 2—3- ‘aq '

LS

-

N
S

LY
1

i

\ 57

1}

D

A R S e e
SRRLENy s.".:.- WO CREN g - S g
% \ -'.‘ ~

"l ¥ _:“._-_".m"._ T
£ L) - [ L - il

s



R R A U A W W W Wy Tyt Oy W ey p S . TELATALY O TG S
l";:'}‘:f' N :"f\}:\'ft" S e Al B E AN LRSS AN it A (A A A A A '?'.,{ W “ o '::"E.‘

s \.i-v's. ‘\_\'S\" \'f':. "Q"" RS 5._\}.\; s \"‘r'-\.:_ Y o~ o \‘:\ "™ \ ):- ‘.'-!_'.
Bl el Ao a . [ B A ) <

COy 4
" “\-{ "o

Following Welch and Scholtz [14], we now show that adoption of the
relation (35) leads to the Euclidean recursion (3) for a; and
bx. Equation (29) can be written as

1
ya t . .

1
,—
Y * ¥

=N+ (36)

By a process of rationalization, (36) can always be manipulated into
the form

s _ AWtz By (37)
t Ck(yk + zk) + BE

where the functions Ay, By, Cg, and Dy involve products of
the yj for j < k. Substituting k + 1 for k in (37) gives

s ParWier * %) * By

- . (38)
P G W * B F 0
On the other hand, replacing zy by (yps1 + Zx+1)~! in (37)
yields, after rationalization,
s IAY By + ) A (39)

The kth continued fraction approximation to s/t is obtained by
setting zx to 0 in (37):
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Combining (35) and (40) we set

Sy 'Y‘? N
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k+la rgrqvﬁg

A0
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qk=yk j.-h

(-1)

k= Gt O

and

Then
A, .=A y +B =(-1)kb
k+1 "k'k "k k A

= - k-1 - kK. _ k-1 k-2
Bk+l-Ak -(‘1) bk-l => (-1) bk = ("l) bk-lqk+(-1) bk—2

N
Yk ~% '-s'.,-;
or ®
b (41) \"ffﬂ

k™ k-2 7 %Pk-1 ISt

k+1a $% )

ck+1=ckyk+Dk=(~1) k . .l

] (K TS TR k-l o
Dk+1-ck _(“1) ak'l => (-1) ak = ('1) ak-lqk + ( 1) ak-z .:::J-::.“_:.‘:

yk =qk S
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Equations (41) and (42) are the Euclidean recursions of equation
Thus, taking a continued fraction expansion of a rational }g‘\-%ﬁ

(3).
number s/t is identical to finding the gcd(s,t) by Euclid's

algorithm, the kth continued fraction approximation being given by

(35). 1Initial conditions are obtained as follows:

Aj(y; + z1) + By

- RN L TR
=> A =1,B,=0,C =0, D, =1
= Dby =-q,a =1

s  Ralya +22) + By yilys +25) + 1

T Tly; ¥ 2,0 + D; Y2+ 2
=> Ay =q,B,=1,C=1,D,=0
= by =qqx+ 1, a; = -q

a; = a8y - Qqua; =>a =0

a, = a.; - qag => a.; =1

bz = bg - q2b; => by =1

b, = b, - qbg => b., = 0

These are the same initial conditions as

algorithm.

used for Euclid's

Next, consider the case where a of equation (29) is a ratio of

two polynomials over a finite field: a = f(x)/g(x).

v

In this case, «
is an infinite power series in x, the yj are polynomials, and the
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) Again, as in the case where a was a ratio of integers, the continued ﬁ? oy
fraction must terminate for some m for which zyp = 0. We have A

Lf(x)/g(x)} =
f(x)/q(x) - l
[1/21 = X
l/z, - ¥2 =r

q' (x) by
f (x)/g(x) ] = ri(x)/g(x) RNt
;(x)/rl(x) |

Y1
Z)
Y2
Z;

+ e W ok

and so forth. Again, taking the continued fraction expansion of 3
f(x)/g{x) is the same as applying Euclid's algorithm to find the
gcd(f(x),g(x)). The equivalences are exactly analogous to the <)
integer case. Corresponding to (31) and (32) we have Rty

-
)

» -

[ -b%(x) 2 f(x) rk(x)
Y a“(x)  gx)  g(x)a(x)

(43) BN,

A"'U

and

o 0T

s
'.1,\:}‘ .I!;l
A

&

o

windr o
L
AR

¢ -ak(x) - 9(x) _ rk(x) (44)
bk(x) f(x) f(x)bkkx) .

The error in approximating f(x)/g(x) by -bK(x)/aK(x) is given by
the rational function

; & = r(x)/(glxak(x)) (45)
)
§
¢ and the error in approximating g(x)/f(x) by -akK(x)/bK(x) by

e’ = r o/t ). (46)
[)
Y
)
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Let degl(e'k) denote the exponent of the first nonzero term of X )
e'y in (46). Then, since dhint

deg(rk(x)) < deg(rk-1(x))
! and Qgggﬁﬁ

deg(bk(x)) > deg(bk-1(x)) R
: ‘:‘:“q:".:
ta ety

l':‘!’"a‘ 4
e
1 ] h‘ -
deg(e’,) < degle', ,) - 2 (47) .fiﬂiga

it follows that

Jf"-"

ar
that is, the approximations (43) and (44) match at least two more
terms of the series f(x)/g{x) or the series g{x)/f(x) at each

jteration.

Corresponding to (35), the kth continued fraction approxima-
tion to f(x)/g(x) is given by

(-1)%bK (x)

U T (48)
k (-1 a%(x)

and since by (8) gcd(ak(x),bk(x)) = y for some field element v,
(48) is the approximation to f(x)/g(x) with polynomials aK(x) and
bk(x) of lowest degree possible.

Finally, by setting

(-1) %% (x) = AY, + B,
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\J
(0% = ¢y, + D, o

2
and 2 ':'M‘
n

a4 (X) = ¥, s

X
in (40), one obtains the Euclidean recursion for polynomials: ileteyt

b¥(x) = b¥2(x) - ¥(x)b*"L(x) e

(49) wﬁ?&(
a(x) = a¥2(x) - q*(x)a¥(x) g;q W

For illustrative purposes, we repeat example 2 from section 2 as a .@
continued fraction expansion of f(x)/g(x): X ",:::

Wt
Example 8: f{x) = x> + 3x* + 3x2 + 5x + 10 ,f_x_i’n.,;
glx) = 2x? + 7x + 3 TR

. \"h \
over GF(11). SEAQAY

Iteration 1: f(x)/g(x) =y, + z; RS
Y1 \(f(x)/g(x)J = 6x3+ 8x2+ Tx +9 :;-;:S"xf:
z) = (9x + 5)/(2x% + 7x + 3) Ny

The first continued fraction approximation to f(x)/g(x) is obtained | .
\ \J

by setting z, equal to O: iﬁ‘:}é
O W

\

up = y; = 6x> + 8x2 + 7x + 9 = -bl(x)/al(x) Bt

Iteration 2: f(x)/g(x)

Y2
Z;
u;

-
{1 + 1/{y; + 25) 2
1/z,} = 10x + 5 A
0 >

e E_T_ %

yy + 1y, =
b2 (x)/(=a2(x

gix“ + 4x + 2)/(10x + 5)
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In section 5.2 it is shown how continued fraction expansions
can be used for solving the key equation.

RN
5.2 DECODING BCH CODES BY MILLS' ALGORITHM : 3‘"
o
In section 5.1, the equivalence of a continued fraction expan- :*'Vga
sion of a ratio of polynomials to Euclid's algorithm has been demon- = ®

strated. In this section our purpose is to show how a continued
fractior expansion can be employed for solving the key equation
(14). This is narrower than the question addressed by Mills in
[13], which is to find a continued fraction expansion for an
infinite power series defined from an arbitrary infinite sequence
Sgs S1s -+., Of elements from some field. However, the expansion we
use is the same as Mills', and we shall call the resulting algo-
rithm, which is very similar to the Japanese algorithm, Mills'
decoding algorithm.

S bporgy
' :'«'.::;2‘,
‘i

) ()
G
[ ]
IR

[
»

>
»

In section 3.2 it was seen that the reversal S(x) of the
syndrome polynomial is given by (22)

3(x) = x2t§(§) + A(x)
A(x)

so that

3(x) _ Q(x) + i(x)/x2t

xet ) A(x) )

But, if we set f(x) = -x2t, g(x) = 3(x), then by (44)
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k
_ ik(x) =), rf(x)/x2t
b™{x) xet bk(x) ' ,
:-':'»T'-;‘f'\
NS
or :;;'{x"'s‘ :3
S(x) _ a*(x) + K (x)/x2t ;'%
A
t;l ::;
where the kth approximation to 3(x)/x2t is given by t"%::iﬁ::':ﬁf
. () (XS
ak(x)/bk(x). For this approximation to represent a solution of '.":':Q:'!’
the key equation, with a(x) = y~!ak(x), A(x) = y='bK(x), and ) Jl
o -l o s . ’ R
K(x) = y-'rk(x), it is required that 33!‘:?.':,
A ;
deg(rk(x)) < t ;‘it.r '
deg(ak(x)) < t hohinin
L
and '6 Y
NG
Pet W) ...‘
deg(bK(x)) < t. ﬁ:%%}.":f
- Rl Gt
Let K be the first index k for which deg(rK(x)) < t. Then "».". o
exactly as in i ’ ..
y section 4, AN
K 2 oy
deg(b™(x)) = deg(x Y . deg(rK'l(x)) ?,v-.,:,‘g
iZt‘t=t (??:’gu..n
and ﬁfg o
deg(a®(x)) < deg(b®(x)) k.:ﬁx
\.;::; O
so that ak(x), bK(x), and rK(x) satisfy the degree ‘Nﬁﬂi ‘.
requirements. Furthermore, by (8), %&5 !
lf-:
::it%ﬁ:-
K K WA
ged{a (x),bN(x)) = v Pl
®
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for some field element y, so that any other solution to (14) is some
polynomial multiple of ak(x), bK(x), and X{(x). Thus, the
polynomials aK({x), bK(x), and rX(x) are the desired &{(x), A(x)

and R(x), except for possible multiplication by a scalar.

Program 5 is a representation of a BCH decoding algorithm based
upon Mills' continued fraction algorithm. The only significant
differences between program 5 and program 4 are in the initializa-
tion of rO(x) and rN(x) and in the termination. In accordance

with the definition of 3(x), the syndrome values defining the
polynomial rO(x) are in reverse order of those defining rO(x) in
the Japanese algorithm. At termination, the program furnishes
scalar multiples of the reversed polynomials ©(x) and A(x).

For illustration we use the same example employed in section 4,
based on the 3-error-correcting Reed-Solomon code generated by

g(x) = x® + 6x° + 5x" + 7x3 + 2x? + 8x + 2
over GF(11).

Example 9: Let c(x) = 0, v(x) = e(x) = 6x° + 5x8 + 3x3,

Then $(x) = 9x® + 2x" + 8x3 + 9x2 + 7x + 10.
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SOOND

START Do
] o - o a0 -] N )
M) ~ 8(x) y(x) ~ P(x) - q(x)r(x) g ,. X

a%x) ~ 1 Px) - Mx) .":' “':"i

ax) = 0 MNx) < y(x) ; |.=E' "

bo%(x) ~ 0 y(x) ~ a%x) - q(x)a(x) ilnia

0 N % 000, '..l

bMx) ~ 1 a%x) — aMx) S

aMx) - y(x) x;-_:;-;:: .

INITIALIZATION yx) ~ bo(x) - q(x)bM(x) ;.:v "":'i

bM(x) ~ y(x) g

Z 1 DEG (M) : L EXIT YT

'_nb."r L9

:j',w"' ot

RECURSION TNy

2

sl

s

S
s‘ P

P

INPUT: SYNDROME POLYNOMIAL S(x); INTEGER t

%

A
LY

OUTPUT: 1A(x) = bMx), 12(x) = a™(x)

.,,.-4.4
Yy
(AP
P

Program 5. MILLS' DECODING ALGORITHM A
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RN IR

k rN(x) gM(x)  aN(x) bN(x)
-1 -x% = 10x° - 1 0
0 ¥(x) = 9x +2x*+8x3+9x2+7x+10 - 0 1
1 6x"+8x 3 +3x2+8x+6 6x+6 1 5x+5
2 4x3+2x2+4x+9 TX+2 4x+9  9x2+10x+2
3 0x2+6x+3 Tx+4 5x2+49x+9 3x3+4x2+6x+8
a’(x) = 9x2 + 9x + 5 b3(x) = 8x3 + 6x2 + 4x + 3
y =3, v'l =4 r3(x) = 3x? + 6x
(x) =3x2+3x + 9 Alx) = 10x3 + 2x2 + 65x + 1
Alx) = x% + 2x AX)S(x) = xB + 2x7 + 3x2 + 3x + 9

The first approximation to 3(x)/x2t is given by a'(x)/bl(x):
1= oxle2x? s ox-t s
m' X cee
The second approximation is given by a%(x)/b?(x):

4x + 9

= 9x-1 4+ 2x-2 + 8x=3 4+ ox~" + 4x-% + ...
9x2 + 10x + 2

The third approximation to 3(x)/x2t is given by a’(x)/b3(x):

5x2 + 9x + 9
3x3 + 4x?2 + 6x + 8

= 9x=1 + 2x=2 + 8x=3 + 9x~" + 7x=3% + 10x-% + ...

Note that, in accordance with (47), the approximation to S(x)/x2t
yields two additional terms at each iteration.
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R Program 5 is less efficient than program 4 because a(x) must
Y now be retained. For correcting t errors, program 5 typically

i requires 3t? + t multiplications for r(x), t? + t for b(x), and
t?2 - t for a(x) for a total of the order of 5t2. By dropping
unneeded terms of r(x) this total can be reduced to 4t2. This is
discussed further in section 7.3.

Timing for program 5 is the same as for program 4, assuming
‘ that a(x) can be updated simultaneously with b(x). Under the
R assumption of t errors and deg(q(x)) = 1, both programs require 2t
\ basic time units for their execution, where a basic time unit
: represents the time required for one finite field scalar division,
one scalar multiplication, and one scalar subtraction.

X In conclusion, Mills' algorithm and the Japanese decoding algo-
rithm are seen to be versions of Euclid's algorithm which differ
only in their initial conditions and termination rules. The
Japanese algorithm gives identical results to Mills' algorithm if
the order of the syndromes is reversed, and vice versa. We are
really dealing with one algorithm.
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SECTION 6 ey
e

THE BERLEKAMP-MASSEY ALGORITHM ‘i}'.‘l"af'
'-"'._l:, 3
B 9 g
In this section the Berlekamp-Massey decoding algorithm is % :,.:EZ
e
reviewed. The algorithm was originally formulated by Berlekamp [10] E‘- ﬁ:}
for solving the key equation (14). Massey [11] rederived the :\'.‘ e
algorithm as a method for synthesizing the shortest-length linear ®
feedback shift register which will generate a given sequence. We - ".:f:
shall follow Massey's development. o ,4?‘,;
A
BN
Figure 1 is an illustration of a linear feedback shift-register w‘}o‘r_
(LFSR) consisting of L stages. Each input sj to the first stage E::%'.’,‘:t
is a linear combination, j.:'_;‘-' :‘,
\ \
- - 5 cos SN
j i-:l i j-i "‘TF‘. t
WA
-u"a."'\.:'. )
v es X . RGN,
spec.fied by the feedback polynomial coefficients ¢j (i =1, ;«5, o
l.
..., L), of the preceding L inputs sj_4 (i =1, ..., L). For our M
purposes, c; and s; are elements of the finite field GF(q) for I
)
some q, a prime power. The output from the shift register is taken -';ﬁ:ﬁ::.'_»
Iyt
from the last (Lth) stage. Thus, the first L outputs sg, ..., RN
T
s_-1 are identical to the initial contents of the shift register. AT
[
. . R
An LFSR is said to generate a finite sequence sg, ..., S\-1 g;::& !
when this sequence coincides with the first N outputs for some ;S:,":‘; ._}
initial loading of the LFSR. If L > N, the LFSR always generates ':-:Jth.'::
the sequence, independent of the coefficients cj. If L < N, the :‘::_;\%\s
LFSR generates the sequence if and only if :.-:Z_:::::‘-‘
hOARERCY
.\‘_..‘.-"".- b
L AR
S. + ) €.s. =0 (j=1, L+, ..., N-1). (51) e
¥ = i J-i A :
! i=1 A
-‘"?‘-‘: g
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Equation (51) is the same as equation (11) relating the
syndromes Sj to the error locator polynomial coefficients Aj.
Thus, for known A, equation (11) is the equation of an LFSR which
generates the syndromes. We want to find a A(x) with lowest degree
v (i.e., fewest errors consistent with the decoding equations).
Therefore, we seek the shortest LFSR that generates the sequence of
syndromes.

We begin with the statement of Massey's Theorem 1 (for a proof,

see [11]).
THEOREM: If an LFSR of length L generates the sequence sy, ..., e
SN-1» but not the sequence sy, ..., sy, then any LFSR that .“i,
generates the latter sequence must have length L' satisfying A
L J
Ty
L' >N+ 1-1L, )
B S
:':':J."": -.‘.
Let s denote an infinite sequence sy, sy, ..., and let Ly(s) AN
denote the minimum of the lengths of all LFSR's that generate the :;‘7r‘1~

< )

first N symbols sg, S}, ..., SN-1 Of s. Then we have the ﬁi e
- e

following i .ff:g
PO,

COROLLARY: If some LFSR of length Ly(s) generates sy, ...,
SN-1, but not sg, ..., sy, then

‘l't‘.

Ry
LY
s,

.

NN
.

.

L
.

[yl

]

. 73
.
Sy
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Ay Ay

o
‘¥

.y
."

@

i

Lyep(s) > max(Ly(s), N+ 1 -L\(s)). (52)

st
S

ot |
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l{l,l
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s
T
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-"I !
AN

Pd
il

LI}

Massey's strategy is to develop an LFSR synthesis algorithm that
satisfies the constraint (52) of the corollary by strict equality.
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¢ For a given sequence s, let
¢
[}
s Ly(s) _
c(N)(x) =1+ 3 c,(iN)x1
L, i=1
k)
[}
i' denote the connection polynomial of a minimum-length Ly(s) LFSR
) that generates sg, ..., Sy.j. As an inductive hypothesis, assume
p that Ly(s) and c{N)(x) have been found for N = 1, 2, «e., N with
¢
¥ equality obtaining in (52) for N =1, 2, ..., n - 1. We seek
t
v Ln+1(s) and c{n*+l)(x) with equality holding in (52) for the case
. N=n. From (51) we have P
. .'\.F-‘-“-' d
: o
; RN
. ; g o= ' PN
" R ! ’ dy 3 =n "o
/ :ﬁ:ﬁzkﬁ
‘
& where d, is the discrepancy between s, and the (n+1)St symbol :;5??_
. generated by the LFSR of length Lp(s) which generates s;, ..., :$;$:a
- sn-1. If dy = 0, then this LFSR also generates sg, ..., $p, %' '
' and Lps1(s) = Lp(s) with c(n*1)(x) = c¢(n)(x), 1f dp # 0, e
5
N a new LFSR must be found to generate s;, ..., sp. We want to
A construct this new LFSR, with connection polynomial c‘"*l)(x), to .
satisfy e
NN,
4 _ N
f :‘::':::‘..
; AN
€.% -. -
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¥ Define the new connection polynomial c{n*l)(x) by

X

o -1 n-

s ™ x) = Mix) - @ gl (). (55)

.’

i

[ Combining (53), (54) and (55) yields

[\

[ Ln+1($)

n+l
spe 3 el

) i=1

)

] Ln(S) Lm(S)

N n -1 m

: = SJ' + izl Cs )SJ'_-i - dndm [Sj_n+m + 121 Cq Sj-nq-m-i]

; .

v 0 forj = Ln’ Ln+1, eeey N-1 0 for j = 1-Ln+n,...,n-1

] =

' - -

] dn for j = n dm #0 for j=n

;E 0 for j = Ln+1(s), Ln+1+1’ eeey N-1

. -1, _ .

. dn - dndm dm =0 for j=n (56)
K e

S

_ The LFSR of length Lp41(s) = max(Lp(s), ntl-Lp(s)) generates gQ;t;‘
‘ the n+l sequence symbols s;, ..., Sp and satisfies the constraint °
5 (52) with strict equality. Ziﬂi
N ::::
[« Figure 2, adapted from Blahut [17] figure 7.3, illustrates the ji%
o LTS

new shift register construction. n - m new dummy stages are added
o to the front end of the old shift register, whose connection
polynomial is c{m)(x), in order to line up its discrepancy dy to
coincide with (and cancel) the discrepancy d, produced at j = n by
the current shift register, with connection polynomial c{n)(x).
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When combined, the new resulting shift register will have length
determined by the maximum of the length Ly(s) of the old shift
register augmented by the number n - m of new stages, and the length
Ln(s) of the current shift register. As can be seen directly from
figure 2, the jtP input s; to the combined shift register is

given by

Ln(S) (n) Lm(S)

-1 m
sj = -i21 Ci 'Sj-i - dndp (-Sj-n+m - 'S"l Ci ' Sj-ntm-i).
= i=

Equation (56) provides a constructive proof of Massey's Theorem 2:

THEOREM: If Ly(s) denotes the length of the shortest LFSR which
generates sg, ..., Sy-1, then

(a) 1if some LFSR of length Ly(s) which generates sy, ...,
Sy-1 also generates sg, ..., Sy, then
Ly+1(s) = Ly(s);

(b) if some LFSR of length Ly(s) which generates s;, ...,
sy-1 fails to generate sy, ..., sy, then

Ln+1{s) = max(Ly(s), N+ 1 - Ly(s)).

We observe that in case (b)

if Lo(s) < (n+1)/2, then L . (s) =n+1-1L(s);

if L (s) > (n+1)/2, then L . (s) =L (s).
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Program 6 is a representation of Massey's version of the :::':"..:&:?
Berlekamp-Massey algorithm. Inputs to the program are the syndrome ',3:}:::::;:::"
polynomial S(x) and the BCH code error-correction capability t. The U
latter is used at line 4 of the recursion in the test for \5“’; ]
termination; the former in line 5 for calculating the discrepancy ‘:&\5_.;
between the jth syndrome and the jth symbol output by the bebonloley
current shift register with connection polynomial bN(x).

The connection polynomial c{M)(x) which defines the Nl
shift-register before the last length change is represented in ﬁ‘iv' :f
normalized form by bO(x). This polynomia) is defined at line 9 of il-“-—-':
the recursion by premultiplying the current bN(x) by the inverse RSN,
of the nonzero discrepancy d. (In later sections we shall consider AL ]
versions of the algorithm with this normalization left out.) The {w—r._
polynomial bO(x) is then updated in each iteration at line 1 of W
the recursion by shifting once, corresponding to the creation of a T
new dummy first stage, and is then ready for use in defining the new ;’..:\‘_"’
shift register connection polynomial in line 7 of the recursion. ._\“'i':-

oy

The program path flow is slightly more complicated than for the Ej::,-\-:
tEuclidean programs 4 and 5 as a result of the length test and ::?\;::33:,(‘-
branching at line 8 and the discrepancy test and branching at 6. ::},:,,:’
However, both tests are, in a sense, implicit in the Euclidean "\:’.
programs, as will be seen in section 7.3. :*:3-:

i

At termination, the error locator polynomial A(x) is given by :‘.:::::'.f,g:'
bN(x). The error evaluator polynomial p{(x) is not immediately ;:"-'?“':":"
available in Massey's version, and must be calculated by the key E‘&'\%}%\i
equation (14). However, as we shall see in the next section, by a e
slight modification of program 6 we can also obtain Q(x) as in the '{i-;&:-_}.
Euclidean programs. = 3'?".}"
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START
— (-0
j- 0
bo(x) ~ 1
y(x) ~ 1
INITIALIZATION

OUTPUT: A(x) = bN(x)

'\"".‘*

SRR

"a‘ AO.J'\! N .! ". OntintR O.J-l, . »I“l'-l-

¥

1A

bo(x) — xbC(x)

bM(x) ~ y(x)
i+
jroa

¢
d - E b.N Si_i
i=0

d : 0

y(x) = bM(x) - db°(x)
joroa

bo(x) ~ d-' bN(x)

I“-]—I'

RECURSION

INPUT: SYNDROME POLYNOMIAL S(x), INTEGER t

Program 6. BERLEKAMP-MASSEY ALGORITHM
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N This is an efficient algorithm in terms of the number of t#ﬁqﬁ
i | N
g! multiplications required. Assuming that & increases by 1 at every giﬁdm
odd numbered iteration, we require 1 multiplication to compute d at ;;*3g
3 the first iteration, 2 multiplications at the second and third, 3 at Qﬁ,:?
Y e
[ the fourth and fifth, etc., t - 1 at the 2t - 2"d and 2t - 1st, EEh:%f
[ and t at the 2tth iteration, for a total of t2 multiplications for ?Eii?‘
. computing the discrepancies. Assuming d > O at all iterations, we ;';qrg
)¢
P need t? + t multiplications to update bN(x) at line 7 of the $a$$§
Kk recursion and (t2 + t)/2 to update b0(x) at line 9, for a total of AN
b the order of 2.5t?. This can be reduced to 2t by avoiding the ’-‘;—
3 normalization by d-! in line 7, as will be discussed in section ;isi”t
37 7.2. oy
3 N* l'
Program 6 has the drawback, however, that the updating of b(x) R f
. is held up until the calculation of d has been completed. This y-&“;
;; drawback is removed in the programs considered in section 7, but at By 3
i the expense of requiring further multiplications. Unlike programs 4 p?£“$
¢ and 5, program 6 cannot be executed in 2t basic time units, and is j:
, not a candidate for implementation in a two-dimensional systolic ;yg S
‘, array. At each iteration, a varying additional computation time is &’ ,§
F-
Y required to obtain the discrepancy d. qf? aﬁ
4 R
o
; For illustration of program 6, we use the same example of a AR
L Reed-Solomon 3-error-correcting code over GF(11) as used previously S
1’

\ for programs 4 and 5.

Example 10: t = 3; Let c(x) = 0, v(x) = e(x) = 6x° + 5xB + 3x3,
b S(x) = 10x> + 7x* + 9x* + 8x? + 2x + 9. o
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i 2 d bN(x) bO(x) : '7_

2x 5x
x 5x2
2 10x + 10x2 o
6x + 10x2 10x2 + 10x3 .
6x + 8x%2 + 9x3 5x + 8x2 + 6x3 E::'Eﬁ:
5x + 2x% + 10x3 5x2 + 8x3 + 6x" ,:'_'}\\"'\ X

(X e]

10
X + Bx

b - ST &) B ~ S FUNY S S

W W NN = = O
WO W o

e s b e e

+ + 4+ + <+ +

A(X) = bN(x) = 10x3 + 2x2 + 5x + 1 BN,

Q(x) IA(x)S(x)‘ ot = 3x%2 + 3x + 9 ,v,,!

it
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SECTION 7
HYBRIDS AND COMPARISONS

o
N X

In this section, which contains the main results of this
report, comparisons are made between the Berlekamp-Massey algorithm
and Euclid's algorithm (in the Mills version). Hybrid programs are
developed which combine features of both algorithms to advantage.
The section is divided into five parts. First, the Berlekamp-Massey
algorithm is expanded in a Euclidean context. Second, a new
algorithin developed by Todad Citron [22] is examined and shown to
belong to this same class. Third, tuclid's algorithm is modified to
replace polynomial division by a sequence of partial divisions.
Fourth, Mills' algorithin is modified to make it more closely
resemble the Berlekamp-Massey algorithm. Fifth, comparisons are
made among the resulting hybrid algorithms, which are then seen to
be very similar. This similarity has been noted previously by Welch
and Scholtz [14], as well as others.
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7.1 THE BERLEKAMP-MASSEY ALGORITHM IN EUCLIDEAN DRESS

Our objective in this section is to expand the Berlekamp-Massey
algorithm in a Euclidean context. Welch and Schoitz [14] have noted
a correspondence between partial results obtained for bN(x) at
certain iterations of the Berlekamp-Massey algorithm (program 6) and
partial results obtained for bN(x) at successive iterations of
Mills algorithm (program 5). To explore this relationship further,
we introduce polynomials a(x) and r(x) for the Berlekamp-Massey
algorithm analogous to the polynomials a(x) and r(x) of Mills®
algorithm.
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In program 6, the next value for bN(x) is defined at line 7
of the recursion by

y(x) « bN(x) - dbO(x). (57) ::.1‘:;“

Let us replace y(x) in (57) by a polynomial bT(x). In a similar ey
fashion new values will be defined for aN(x) and rN(x) at each ®

iteration by \
A0
w0

) My
aT(x) « aN(x) - daO(x) o
rT(x) « N(x) - drO(x). e

At line 9 of the recursion of program 6 a new bO(x) is defined by §$§E$:

bO(x) « d-1bN(x). (59)
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In a similar fashion we now define

e
B
G

a0(x) « d-taN(x)

=
Ead
T
.;'1’
I |
s ;J

(60)

AN
«1.N N
rO(x) « d-trN(x). o
fuai
h\ -.‘ h"
. o
Finally, lines 1 and 2 of the recursion of program 6 will be CEARAS,
Tt
repeated in like manner for updating aO(x), aN(x), rO(x), and ét\
LT LY
AN
rN(x): NN
;\.\ N b ¢
LSO,
a0 « xal0(x) e
NN
IR Py
ro “« er(x) P‘._,'.’\‘,N
R
N T r:'.-":-“-r:“
v allx) CRRE
®
rN « rT(x) ot I N
‘o % N
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Let f(x) and g(x) be given polynomials. If initial values for
aO(x), bO(x), rO(x), aN(x), bN(x), and rN(x) are chosen
to satisfy

rO(x) = a0(x)f(x) + bO(x)g(x) (61)

rN(x) = aN(x)f(x) + bN(x)g(x) (62)
then, by inauction, (61) and (62) will continue to be satisfied at
all iterations. Let aX(x), bK(x), and rK(x) denote the values

of aN(x), bN(x), ana rN(x) aefined at the kN jteration of

the algorithi. Then for all k

rk(x) = ak(x)f(x) + bK(x)g(x) (63)

for the Beriekamp~Massey algerithm. This is the same relationship
that holds for Euclid's algorithm (25), even though the recursions
differ. For f(x) and g(x) in (63) we shall choose

f(x) = -1
and
g(x) = xS(x)
converting (63) to
rk(x) = -ak(x) + bK(x)xs(x), k =1, ..., 2t. (64)
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Various initializations will work to produce the result (64).
To satisfy (61) we set rO(x) = 1, a0ix) = -1, ana bO(x) = 0.
To satisfy (62) we choose rN{x) = xS(x), aN(x) = 0, bN(x) = 1.

In program 6, bO(x) and bN(x) are updated by (59) and
(57). It follows that at the beginning of iteration j, with a shift
register of length g,

v < g = bl =0 foran iy, (65)
In a similar manner, the polynomials al(x) and aN(x) are
updated by (58) and (60). Again, taking into consideration the
initial values, we have at the beginning of iteration j
5. < § = al =0 for all 1> 1. (66)

At the kth jteration, let hk(x) = bK(x)xS(x). Then since

[

e

[ l}'
5 -

g

oy
Py

”
&

&

2t . 2t .
xS(x) = 5: SJXJ = z SJXJ
J=1 J=0
if Sg is defined as 0,
k
k k
he = T bySk-j
kK™ i 1
9
-k
= . Y bi Sk - 1
i=0
= dk
{\. i“E\E WJE
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and by (64)
|
¢ K= -af +nk =0+ hl=d. (67)
o
\ Therefore, if we keep r(x), we eliminate the inner-product
) computation of the discrepancy d.
N
: Program 7 is a representation of the Berlekamp-Massey algorithm
i' in a tuclideanized version. We, perhaps wastefully, introduce three
: temporary polynomials, denoted by al(x), bT(x), and rT(x), for
- temporarily holding the new versions of a(x), b(x), and r(x) created
? a§ lines 11-13 of the recursion. O0Observe that at each iteration j,
3

ry = a. At line 17, r? is set to 1; if the normalization by d-1
were not performed, its value would be d. After the next

incrementation of j, rg

is still equal to 1; if normalization were
] not performed at line 17 it would still have the value d = d,. At

line 13, r} is set to 0. At termination, A(x) is given by bN(x)

h and r? =0 fori=1,2, ..., 2t. Equations (14) and (64) jointly
)

‘ imply that

k)

K N N

; 2(x) = [(a(x) + r (x))/x] 2t

|

'; so that n(x) = aN(x)/x and rN(x)/x = A{x)x2t., Thus the

3- expanded version of the algorithm provides both the polynomials o(x)
2 and A(x) in addition to the error locator polynomial A{x) obtained
}

4 in Massey's version.

i To illustrate program 7 we again use the Reed-Solomon

’ 3-error-correcting code over GF(11) which was used to illustrate
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START

INPUT: SYNDROME POLYNOMIAL S(x), INTEGER t
OUTPUT: A(x) = bN(x), O(x) = aN{x)/x

AT Y

A Y NS WL
sl NN RN TNN

et P AR A g
e EnTn e, T L

[~ 0

ji-0
-1
tT(x} ~ xS(x)
a%x) - -1
a'lx) - 0
bo(x) ~ 0
bT(x) - 1

A

INITIALIZATION

Program 7. EUCLIDEANIZED BERLEKAMP-MASSEY ALGORITHM

1A

b%x) « xb%(x)
a%(x) - xa%x)
P(x) - xro(x)
bNx) ~ bT(x)
aN(x) - a"(x)
M(x) - r'(x)

j- i+

i

d -

d: 0

b¥(x) ~ BN(x) - db®(x)
aT(x) — aM(x) - da(x)
rT{x) — M™(x) - dro(x)

i

bo(x) ~ d-'bMx)
a%x) ~ d-"aNx)
P(x) ~ d-' M(x)

[ = =1

>
= &xrt

RECURSION

.....




programs 4-6. The polynomials rN(x), rO(x),
those defined prior to the next incrementation of the index j,

after execution of lines 1-6.

Example 11: t = 3. Let c(x)

=0’

v(x)

S(x) = 10x5 + 7x* + 9x3 + 8x% + 2x + 9.

j=0,2=0
I‘N(X) =
r0(x) = x
bN(x) =1
b0(x) = 0
aN(x) = 0

al(x) = -x = 10x

j=1,2=0,d=r =09, ¢!

rN(x) =
rO(x) =
bN(x) =1
bO(x) = 5x
aN(x) = 9x
al(x) = 0

T 3 3
z O x
— P
x »x X
g g
W

x+1
5x2
9x
al(x) = 0

o o
z O
- g
> x
L
nn

3 ,&.( “ g ‘;.r‘-&.-"( o

ol’lolau‘ “h ) P’

=5

”vﬁkfxghfﬂf < ”\f~, v *QP

'O. ‘:'l.'l !o i a ki)

A

= 10x® + 7x° + 9x" + 8x3 + 2x?
6x7 +2x& + x° + Ix" + 10x3 + x

2

10x”7 + 6x® + 5x> + 6x* + 10x3
= 6x% + 2x7 + x& 4+ 7x% 4 10x" + x

3
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xS(x) = 10x® + 7x° + 9x* + 8x3 + 2xZ + 9x

etc., shown are

e(x) = 6x° + 5x8 + 3x3.

i.e.

"\eba
3'
W ﬁ&

;s;«;:—;w\?-t '
(]
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s
et
j=3,2=1,d=rV=10, d! =10 ﬁ;w“wcué

() ™
6X8 + x7 + 7x6 + xS + 5x10 '.‘g::‘.‘l::::
x® + 5x7 + 6x°% + 5x° + x* 8
5x2 + x + 1 ey

I.’N .
10x2 + 10x é%i~4532
9x et

rN(x)
r0(x)
bN(x)
b0(x)
aN(x)
a0(x)

2’ 2
"lv () "i.".*
j=4,2=2,4d-= rl}o‘ =5 'o::%:,h:.:o:'

rN(x) = x® + 9x7 + 10x° + ox®
rO(x) = x® + 5x& + 6x7 + 5x° + x°
bN(x) = 10x% + 6x + 1

b0(x) = 10x3 + 10x2

aN(x) = x? + 9x

a0(x) = 2x3

j=5,2=2,d=rd=9, ¢! =5

2x°

rN(x) = + 0x® + 10x7 + 9x®
rO(x) = 5x° + x® + 6x7 + x®
bN(x) = yx3 + 8x2 + 6x + 1
bO(x) = 6x3 + 8x2 + 5x

aN(x) = ax3 + x? + 9x

a0(x) = 5x3 + x?

j=6,2=3,d=raxy

rN(x) = x° + 2x8

rO(x) = 5x10 + x% + 6x8 + x’
10x3 + 2x2 + 5x + 1
6x* + 8x3 + 5x2

3x3 + 3x? + ox

5x* + x3

[ - 48 -4
D2 EOZ=
S
o X M X
—
[ D B ]
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j =7, exit s::,:"
sy gt R
A(x) = bN(x) = 10x° + 2x° + 5x + 1 iy
a(x) = aN(x)/x = 3x% + 3x + 9 ?'\s:}
x2ta(x) = rN(x)/x = xB + 2x7 AN
Al(x) = x% + 2x i
iy
:;.Q‘_u__n i
The price paid for retaining the polynomials a(x) and r(x) in “_‘\
addition to b(x) is addi*ional multiplications. If all coefficients ! *::E.':
of rN(x) and rO(x) are retained, then to update rT(x) at the :ﬁ% i
S
first iteration takes one multiplication, and at each subsequent ‘:ﬁfwﬁ"-"?‘
iteration j takes 2t + 1 - 1j/2] for a total of 3t2. To update _:~_:-v-;.: _
rO0(x) requires 2t - |j/2; multiplications at each odd iteration j R :'l
TRy
(assuming ¢ is incremented at each odd iteration) for a total of Nl !":‘
w0
(3t2 + t)/2 multiplications. However it is not necessary to retain o |.::.c
coefficients above those for x2t, Dropping these, 2t? - t + 1 X, :
multiplications are required to update rT(x), and t? + t to update .E:\ \‘
rO(x). In addition, t? + t multiplications are required to update &&: X ‘
bT(x), t2 - t for al(x), (t2 + t)/2 for bO(x), and (t? - t)/2 '.'.;.'.&1;"\
for a0(x), giving a total on the order of 6t2. G -..-
‘( L
t‘wp %‘:‘
The updates of all polynomials can now be performed in SK;“ ‘:f:
parallel, however, so that processing time is now 2t basic time K
units, as for programs 4 and 5, where a basic time unit represents _«,-«35_
the time required for one finite field multiplication and one :E:g::"
subtraction plus (half the time) one finite field inversion. R
®
RGN
SR
A \e:
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1

7.2 CITRON'S ALGORITHM

Todd Citron has presented a new algorithm [22], based on Kung's
generalized Lanczos recursion [23,24] and related to Schur's
algorithm [25,26], for solving the key equation (14). In this
section we shall not attempt to reproduce Citron's derivation, but
shall simply state Citron's algorithm using his notation and show
that it belongs to the class of Euclideanized Berlekamp-Massey
algorithms developed in section 7.1,

Citron describes his algorithm using matrix notation instead of
employing polynomials over finite fields. The elements of his
matrices correspond to the coefficients of our polynomials, as will
be shown. Citron retains three two-columned arrays: R(i),
corresponding to r(x), P(i), corresponding to b(x), and T(i),
corresponding to a(x). Citron's algorithm is stated as follows:

Recursion: At ith iteration

i) | [zt o [ w01 | Tz roti-1)7]
= (68)

Ry (1) o 1 vi  (l-yj) Ry (-1)

i) ] [zt o] |1 o | [ zteati-1)]
- (69)

P, (1) 0 1 Y4 (1-v4) Py(i-1)

2-17,(1) ! o 1 —oi | | zi1a04-1)
= (70)

T1(4) 0 1 Y (1-v4) T, (4-1)
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where z-! denotes a left-shift operation (one place), o .%‘

pi = “top element” of z~!R,(i - 1)/"top element" of Ri(i - 1), (71)

N, , +1

i-1 g

z
—te
"
AR
X7 Kol R
ey SO SR
. - X

an

e
1 if Nj > 0 and p4# 0 e
and yj = (72) ‘

. 0 otherwise

Initialization: .ﬁg' 3

-4
-
]
o

| Nj otherwise

N0=0

2-1R»(0)

[S) Sy ..v SpilT !

(73) R )

Ry(0) = [1 0 ...o0]T ®

Z'lpz(O)

0o ...o0 117 IR
(78) fﬁi?“

P,(0) = [0 ... 01T

Z'sz(O)

o ...07

75
T,(0) {78)

(o ...o 137
At termination:

z71Po(2t) = [Ag Ay ... ApedT

(76)
Z'sz(Zt) = [ 9 ... QZt]T



Let us first apply Citron's algorithm to our Reed-Solomon

3-error-correcting code (over GF(11)) example. Then we shall show
that Citron's algorithm is a slight modification of the b
Euclideanized Berlekamp-Massey algorithm of program 7. For the -
example, we display Citron's columns as rows. By (73) we need 2t
places for R{(i), and starting from (74) and (75) we need 2t + 1
places for P(i) and T(i), since 2t left shifts will be made by the
algorithm employing (69) and (70).

Example 12: t = 3; c(x) = 0, v(x) = e(x) = 6x° + 5x% + 3x3,
S(x) = 10x® + 7x* + 9x3 + 8x2 + 2x + 9.

| z-'R,(0) = (9, 2, 8, 9, 7, 10)
R;(0) = (1, 0, 0, 0, 0, 0)
i=1: o, =9/1=9
N1=1
N1=-1
vi =1
z-1R,(1) = (2, 8, 9, 7, 10, 0)
R, (1) = (9, 2, 8, 9, 7, 10)
z-'p,(1) = (0, 0, 0, 0, 0, 1, 0)
P,(1) = (0, 0, 0, 0, 0, 0, 1)
2-'7,(1) = (0, 0, 0, 0, 0, 9, 0)
T,(1) = (0, 0, 0, 0, 0, 0, 0)
f=2: p,=2/9=10
N2=0
NZ'O
v2=0
94
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z-!Ry(2) = (10, 6, s, 6, 10, 0)
Ri(2) = (9, 2, 8, 9, 7, 10)

z-1p,(2) = (0, 0, 0, 0, 1, 1,
Py(2) = (0, 0, 0,0,0,0,1
2-11,(2) = (0, 0, 0, 0, 9, 0, 0
T1(2) = (Os 0, 03 0’ 0’ 0: 0
i=3 p3 = 10/9 = 6
N3 =]
Ry = -1
v3=1

z~1R,(3) = (5, 1, 7, 1, 6, 0)
R1(3) = (10, 6, 5, 6, 10, 0)

z-'Py(3) = (0, 0, 0, 1, 1, 5, 0)
P1(3) = {0, 0, 0,0, 1, 1, 0)
z-'7,(3) = (0, o, 0, 9, 0, 0, 0)
T1(3) = (Oa Os 09 09 9) 0: 0)

i=4  p,=5/10=6

Nl,'-'O
NL,"'O
Yy =0

1R,(4) = (9, 10, 9, 1, 0, 0)
R1(4) = (10, 6, 5, 6, 10, 0)

z-!P,(4) = (0, 0, 1, 6
P1(4) = (0‘ 0: 0: 09 1: ls 0)

Z-1T2(4) = (09 0, 9,1
T1(4) = (0, 0, 0, 0,
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2,1, 0, 0, 0)
10, 9, 1, 0, 0)

5, 2, 10, 0, 0, 0) = (Ag, .«., Apt)
0, 1, 6, 10, 0, 0)

= (Qgy +e0p Dt)

3,0, 0, 0, 0)
9,1, 0, 0, 0)




A comparison with example 11 shows that the components of
z-1Ry (1), z-'P,(i), and z-'T,(i), are the same as the coefficients
of rN(x), bN(x), and aN(x) obtained at the ith jteration of
program 7.

We now assert, and later shall show, that at each iteration i,
Citron's oj # 0 if and only if Massey's ith discrepancy dj #
0. With this assertion we show that Citron's variable Nj =
i - 2%4.1, where ¢j_j is the length of the shift-register at the
beginning of the ith jteration of the Berlekamp-Massey algorithm.

Lemma : Nj(Citron) = i - 294_1 (Massey)
Proof: by induction on i

A) Leti =1

Citron: Massey:
Ng =0 26 = 0
N1=N0+1=1 1-2,9.(]:1

Therefore, for i =1, Ny = i - 281

b) Assume lemma is true for i = n - 1:
Np-p =0 -1-2%.2

Case 1: Nn-1 > 0 and op_q # 0 => 2°4_5 < n-1 and dp.1 2 0

N AN N Y LR
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Citron: Massey: length change required e W
Rn-1 = -Np-p = -n + 1+ 207 fp-1 =0 - 1- 22 Y A
n=RNpay *+1=>-n+2+2p2 n-2p.1 =n - 2(n-1-2.2)

-n+ 2+ p.2 AR

Case 2: Npg <0oropp; =0 =>2%p.2>n-1or dyy =0

Citron Massey: no length change
= Np-1 Ap-1 = -2

=
=S
|

= Np-1+1 = Np_1+1 N-20n-1 = n-28,_p = Npo1+l R
Therefore, truth of the lemma for i = n - 1 implies truth for ?“i .
i=n. ~ ’

. . . . NS
Therefore, by induction on i, the lemma must be true for all i.

%
This result implies that for all iterations i Citron's ¢?§ﬁ§"
definition of y§ is equivalent to RN

1 if o, # 0 and 22 < i A
vy T (77) P

I
0 otherwise AR
AR

where & is Massey's shift-register length (not explicitly computed Dy
in Citron's algorithm). yj is a logical variable employed by -
Citron to eliminate branching. This may be important for VLSI
implementation of the algorithm, but to some extent hides what is
going on. For purposes of comparing algorithms we leave the
branching explicit in our programs.
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The first matrix on the rhs of (68) produces :::.:‘:'.:f::‘;
: [
[z=R,(1),R,(i)1T on the 1hs instead of [R,(i),R;(i)]T. '::o",:‘::'.:'::‘
¥
Removing this matrix multiplication to get at the recursion proper, !
we have ¢3§B§%
Rp(1) = z-1Ry(i-1) - piR (i-1) (78) '
2
20N
and :
z-'R,(i-1) if oj * 0 and 29 < i

Ry(i-1) otherwise

Citron shifts the arrays R,(i), P,(i), and T,(i) at each
iteration one place to the left, but does not shift Ry;{i), P (i),
and T;(i). On the other hand, in program 7, the polynomial
coefficients for rO0(x), bO(x), and aO(x) are shifted once to
the right at each iteration {(lines 1-3 of the recursion) while
rN(x), bN(x), and aN(x) are not shifted. Thus, the components
of Rp(i), etc., bear the same relation to the components of R;(i),
etc., as the coefficients of rN{x), etc., to the coefficients of
r0(x), etc. (Note, however, that at the ith iteration, the
component of R{i) which corresponds to r? is now at the “top" of
the array.)

In order to compare Citron's algorithm with program 7 we should
1ike to remove his left shift of R,(i) and insert in its stead a
right shift of R;(i). First, let us multiply relations (78) and
(79) by the right shift operator z, yielding
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ZRz(i)

Ra(i-1) - ojzR;(i-1) (80)
and
Rp(i-1) if pj # 0 and 22 < i
2Ry (1)

(81)
zR;(i-1) otherwise

Relations (80) and (81) are still the fundamental equations defining
R(i) in Citron's algorithm. The z preceding R,(i) on the 1lhs of
equation (80) effects the left shift of the vector. To remove the
left shift, we simply remove this z, producing the relation

Ro(i) = Ra(i-1) - o5 z Ry(i-1) (82)

To induce a right shift of the vector R;(i) we remove the z
preceding R;(i) on the 1hs of equation (81), yielding

R2(i-1) if pj # 0 and 22 < i

Rl(i) = (83)
zR;(i-1) otherwise

Equations (82) and (83), together with a corresponding set of
modifications to (69) and (70), define Citron's algorithm with the

shifts changed to correspond to the shift in the Berlekamp-Massey
algorithm.

But equations (82) and (83) are essentially the same equations
as those found in the Berlekamp-Massey algorithm of program 7, with
R,(1) corresponding to (and identical to) rN(x) and R,(4)
corresponding to (but not identical to) rO(x). When a length
change is required, Citron does not define R;(i) as dale(i-l),
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as on line 17 of program 7, but simply as Ry(i-1}. Therefore, when 'J ﬂ;ﬁ
i R, is updated, it must be updated not as R,(i-1) - dyzR;(i-1), but ,ﬁf%tk
as Rp(i-1) - dnd'éle(i-l). Thus, pj in Citron's algorithm is nﬂyjﬁﬂ
the ratio of the current d,, given by the top element of R,(i-1), ﬂigm?
divided by the old dy, given by the top element of R;(i-1), and %3&:;3
E pj # 0 if and only if d, # 0, as asserted. ’ §§§7;
; BOPRC
Program 8 is a representation of the shifted version of u"W:“
Citron's algorithm employing (82) and (83) with branching (at lines 'ﬂﬁﬁﬁk
10 and 14 of the recursion) shown explicitly. We now repeat our 'ﬁyg&?
Reed-Solomon GF(11l) example for program 8. A comparison of the 'jb; "
polynomials rN(x), rO(x), bN(x), bO(x), aN(x), and a0O(x) :3;{ﬂL
with Citron's arrays z-!R,(i), Ry(i), z=P,(i), P1(i), z-1T,(i), and ok
T)(i) shows them to be identical (except for shifts and directions). oL

Example 13: t = 3; c(x) = 0, v(x) = e(x) = 6x° + 5x% + 3x3
S(x) = 10x> + 7x* + 9x3 + 8x2 + 2x + 9.

i=0,2=0
rN(x) = 10x® + 7x> + 9x" + 8x3 + 2x2 + 9x
rO(x) = x
bN(x) =1
bO(x) = 0
aN(x) = 0
al(x) = 10x
i=1,2=0d=r/d=91=9
rN(x) = 10x® + 7x> + 9x" + 8x3 + 2x?
rO(x) = 10x” + 7x® + 9x> + 8x"* + 2x3 + 9x?
bN(x) = 1
bO(x) = x
aN(x) = 9x
al(x) = 0
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4 ‘4‘
oy
5

RS
4 START :::..?‘:;“
Sm— (-0 > bo(x) — xb%x) )

; j- 0 2%(x) ~ xa%(x) 7 ’
ﬁ fo(X) -1 fo(X) - Xfo(X) .'Ll.l!.'
r'(x) — xS(x) bN(x) - bT(x) Sy

p Ox) - -1 aM(x) - a"(x) iy,
a9 - 0 M)~ r1(x) At
b°lx) ~ 0 j-j+ ity

T(x) - i 2 b EXIT AN
bT(x) 1 J ;‘_" :

y | INITIALIZATION - : ) ;W ,::::::"}:EE
. ' Metfraty
, b'(x) — bN(x) - db°(x) “.5‘..6' X
a'(x) — a“x) - da%(x) (:.351 W
F(x) ~ ™) - dro(x) v,

jra
bo(x) ~ bM(x) ftetieh
a%x) - aMx)

2
K0 %
; o) - Mx) ':‘?‘i

(==t oo [

1A

P R R S L)

RECURSION e

iy ‘o‘.‘i':
‘ INPUT: SYNDROME POLYNOMIAL S(x), INTEGER t
[0,
OUTPUT: A(x) = bM(x), 2(x) = aN(x)/x S

' Program 8. CITRON'S ALGORITHM
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1: d=rid = 2/9 =10

10x” + 6x5% + 5x> + ex* + 10x°3

10x% + 7x7 + 9x5 + 8x> + 2x" + 9x3
x +1

X2

9x
0

_N,O _
d = r3/l"3 = 10/9 =

= 6x8 + x7 + 7x6+ x5 + 5xL’
= 10x® + 6x7 + 5x5 + 6x° + 10x*

= 5x2 + x + 1
2

= X% + X
= Ox

= 9x?
1 d= rﬁ/r? = 5/10 = 6

= x8 4+ 9x7 + 10x6 + 9x5
= 10x° + 6x% + 5x7 + 6x® + 10x°

= 10x%2 + 6x + 1
3 2

= X"+ X

4.'-.‘.«.-\.;,'

.i' o'y ‘3:'.%":5. 0,‘

W R ..l,‘.o,.c!lc, .c.lf,

= x2 + 9x
= 9x3
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1= 5, 1= . - N 0
N _ () 'i.."
Y‘O(x) - 2;9 + 10x’ + 9x°® c::‘::::":n:.:::
- i)
| rO(x) = 1%+ 91° 4 1087 4 51 S
! b (x) = 9X3 + 8x2 + 6 ....::):.:;
t bO( ) = 3 x +1 PuL b
: N(x 10° + 6x° + x
a S S TaY
o e )
b= x e v
\ ',“:‘gg
i = 6 = . i _” ] :l
. b =3 d=rl/rd=9/9 =1 A
' - L
R R
r x) = 10 9 ) .}v‘u
X DN( x) = X 3 + 9x” ¢ 10X8 + 9x7 ‘:::‘::":2:
3 bO = 10x + 2X 2 + Sx + 1 ::\::.:&;:
f N(X) = 10x" +-6x° + x? ) .-!!a.
: i) = 3¢ + 367+ ox N
a (X) = x"' + 3 '...:"'ﬂ"
9X i.|'l “?:"
: =7 LS
i I O
L ) )
A(x) = bN(x) = 10x3 + 2x2 + 5 ‘“':
a(x) = aN(x)/x = 3x2 X + 1 ':.::t
x2ta(x) = rN +3x+9 < il
L r(x)/x = x® + 2X7 - \?
! Alx) = x? + 2 bty
b
' -
! Wit
Program 8 is mo s e
, o6 412 muts Hre ?fflcwnt than program 7, requiri '.;.‘:}.::;:::E
3 ' plications instead of 6t2 f ng on the order “’{‘}0::::;.
respecifications of r0 or correcting t erro A
é the recursive secti (x), 0(x), and b0(x) in Tines 15-1 e e R
v ction have been si -17 of AT
mplifi . ATy
multiplication by d-!. Lik plified by deletion of the A
e program 7, program 8 requi Y
quires 2t basic 5’;%:;
v:'L:-.:
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time units, but a basic time unit now includes a finite field Sont t:
division at every iteration (instead of a finite field inversion at Eﬁéﬁt}
alternate iterations) as well as a multiplication and a Ngmﬁkf
subtraction. Any way you look at it, however, this is still the
Berlekamp-Massey algorithm. Citron's achievement has been, not to
derive a new decoding algorithm, but to show an equivalence between J'.\‘
$
the Berlekamp-Massey algorithm and Kung's generalization of Lanczos' ?;ﬁﬁha
. ()
orithm. A
algorit R
R
Wit

#
| [
| 7.3 INSIDE EUCLID'S ALGURITHH

In this section we revisit Euclid's algorithm for polynomials

* +

(program 3) in order to take apart the polynomial division defined "»“§ :‘
JURRY

in the first step of the recursion P

alx) « | ¥0(x)/rN(x)] (84) e

To keep things as simple as possible, we shall work with the
original version of Euclid's algorithm rather than with the extended
version which obtains a(x) and b{x). We wish to replace the

polynomial division of (84) by a sequence of k + 1 partial divisions
where k is an integer defined by

k = deg{rO(x)) - deg(rN(x)) = deg(q(x)) (85)

Except at the initial iteration, where rO0(x) = f(x) and N(x) =
g{x) may result in k = 0, we have k > 0 for all polynomial divisions

(84). Usually after the first iteration of program 3, though not
always, q{x) is linear so that k = 1.
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In performing the sequence of k + 1 partial divisions we do not $:.
want to redefine the divisor rN{x) until the polynomial division,
j.e., the k + 1st partial division, is completed. Until that time,
the new remainder, say ri(x), becomes the next numerator r0(x) o
and the divisor r¥(x) is unaltered (except for shifting right to %ﬂ&;"
line up appropriately with rO(x)). On the other hand, when the DR
polynomial division is complete, the new remainder becomes the next h
divisor, while the o0ld divisor becomes the next numerator. Thus, we ®
have inh
rN(X) « -1 N(X) ' ‘.
if not completing k times (86)
ro(x) . ro(x) - qu(x) a polynomial division
and e
rN(x) « ro(x) - qu(x)
if completing k + 1st (87) .
ro(x) . ‘er(x) a polynomial division , ®
where q is a scalar defined as the ratio of the leading coefficient
of r0(x) to the leading coefficient of rN(x). -;
In order to perform the subtractions in (86) and (87) it is i _
necessary to align the leading coefficients of the polynomials Q i\f
rN(x) and rO(x). For convenience, we turn the polynomials
arouna and align the trailing coefficients. In this way we can deal AR
with the coefficients r§ and rg at the jth iteration and define ;

q as rg/rJ if ry # 0. Specifically, we shall initialize
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rO(x) by the reversal F(x) of f(x). To properly align r0(x) and et
| ¢
rN(x) as f(x) and g(x) are initially aligned, we initialize '.::E"""
rN(x) by x4g(x), where d = deg(f(x)) - deg(g(x)) is assumed to
be strictly positive. "\.\' .',
\ $59,0
m
Program 9 is a representation of Euclid's algorithm for !
polynomials (in the unextended version) when each polynomial ; H
division is replaced by a sequence of k + 1 partial divisions, where “1ﬂe
k is defined by (85). The polynomials rO(x) and rN(x) have been dkp%
initialized by F(x) and x93(x), respectively. Correspondingly, at "A

termination, the gcd(¥(x), g(x)) is given by rO(x), so that

gcd(f(x), g(x)) is given by rY(x), as shown in section 3.

Program 9 is not essentially aifferent from program 3, but
shows explicitly what is implied by (84). The recursion is aivided
into two loops, the left one for completing a polynomial division,
and the right loop for continuation of the division. Choice of
which loop to follow is determined by the integer variable %.

Assume that as we complete one polynomial division and initiate
its successor we have j = 20. (Observe that j can never be less
than 212, for ¢ is incrememented only when j > 2%, and j is
incremented at the same time; on the other hand, if j > 2%, we stay
in the continuation loop.) If deg(rO(x)) = deg(rN(x)) + k
in program 3, then we want to execute the right-hand loop of
program 9 k times. followed by one execution of the completion
loop. Before the initial incrementation of j we have rg =0,
rg+1 + 0, and r§+1 =0 fori=0, ..., k-1 and ry+k + 0.

After the initial incrementation of j, rg # 0. The upper part of
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. EXIT
AURS YU o i+ —

o = - CONTINUATION LOOP '
N f,": 0

Y, INITIALIZATION q - i’
r'x « Px)-qrix)

::: j: 2l

o P ~ Mx)

R COMPLETION LOOP

b INPUT: POLYNOMIALS T{x), 9(x); INTEGER d = deg (f{x) —deg (g(x)) > 0
OUTPUT: ged (H(x),9(x)) = 1"(x)

k)
i Program 9. EUCLID'S ALGORITHM WITHOUT POLYNOMIAL DIVISION
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the completion loop is first executed k times; each iteration ﬁii;hﬁ
increments j and shifts rO(x) once, so that rg is unchanged as j . #gﬁaﬂ
increases. After k executions, r? ¢ 0, so that we enter the ;ﬂﬁﬂﬁﬁﬁ:
continuation loop with j = 22 + k. In the continuation loop, ';‘*;N?
rN(x) is shifted once at each iteration, so that rg now remains Eggg;y:
fixed and nonzero. We remain in the continuation loop for k ?Qk\.ﬁ?
executions, incrementing both j and 2, after which we return to the 7Ag35‘4
completion loop with j = 2°. The final remainder rl(x) becomes ﬂﬁﬁA:W
the divisor in the next polynomial division, while the current .?W@ﬂ%ﬁk
divisor rN(x) becomes the numerator for the next polynomial 3§M$ﬁ$s
division. Termination occurs when the new divisor r{x) = 0 after gyﬁx~}.
completion of a polynomial division. For an example illustrating - .,'
program 9 we repeat example 2 from section 2. ;;;;“sg
’ .:::'c::'a':z
Example 14: f(x) = x° + 3x" + 3x? + 5x + 10 ;ﬁﬁéﬁé
g(x) = 2x2 + 7x + 3 over GF(11)
d=5-2=3

+

rO(x) « x¥F(x) = 10x® + 5x> + 3x" + 3x? + x
Nix) « x3g(x) = 3x> + 7x* + 2x3

= N .
1,2=0,rj=0

rO(x) « xrO(x) = 10x” + 5x5 +3x® + 3x3 + x2

= N .
2, L =0, rJ =0

rO(x) « xrO(x) = 10x8 + Sx7 + 3x6 + 3"+ X3

PHRIANS A

B Ny e
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i=3,0v=0,r=2,=1,q=1/2=6

rO(x) « rT(x)

5
i rT(x) « rO(x) - qrN{x) = 10x® + 5x7 + 3x® + 4x°> + s5¢x*
|

rN(x) « xeN(x) = 3x® + 7x° + 2"

=4, 2=1,M=2r=5 q=52-8

rT(x) « rO(x) - qri(x) = 10x® + 5x7 + x® + 3x°
rO(x) « rl(x)
rN(x) « xrN(x) = 3x7 + 7x® + 2x°

2, §=2,9=3q=32-7

[
L}
($,]
-
o
n

rT(x) « rO(x) - qri(x) = 10x3 + 6x7 + 7x®
rO(x) « rT(x)
rN(x) « xrN(x) = 3x® + 7x7 + 2x®

j=6’9:3,r§=2,r9=7’q=7/2=9

rT(x) « rO(x) - qrN(x) = 5x® + ox’
rO(x) « xrN(x) = 3x® + 7x% + 2x7
rN(x) « rT(x)

3, =9, r)=2,q=2/9=10

[}
"
~J
-
o
n

8

rT(x) « rO(x) - qrN(x) = 3x® + x
rO(x) « rT(x)
rN(x) « xrN(x) = 5x® + 9x®
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j=8,0=8:r=9,r=1,q=19=5

rT(x) « r0(x) - qrN(x) = 0
rO(x) « xrN(x) = 5x}0 + 9x°
rN(x) « rT{x) = 0

stop

W :.:":‘

S
o0
‘I

Begcd(f(x), g(x)) = :E(X) =9x + 5
8=9,y=3"=5
ged(f(x), g({x)) = x + 3

A comparison of this example with example 2 shows that the
sequence of q's defined above is identical to the successive
coefficients of q(x) obtained in the earlier example.

Program 9 is somewhat awkward because two different loops are
followed according as we are concluding a completion loop or a
continuation loop. Both loops contain some statements in common,
namely, lines 4-8 in the completion box. Both loops define a new
polynomial rT(x) at line 7, and retain this new polync.iial
together with one of the pair (rN(x), rO(x)). 1In the
continuation loop ri(x) becomes the new numerator, while the other
retained polynomial (shifted) becomes the divisor; in the completion
loop the assignments are reversed: rl(x) becomes the new divisor,
while the other retained polynomial (shifted) becomes the
numerator. Surprisingly, ail that really matters is that the



correct pair of polynomials be retained. It does not matter which j(; ~
polynomial is assigned to be the numerator and which the divisor. #ﬁ}ﬁégg

¢
We can take advantage of this fact to design an improved algorithm. ﬁﬁ’f ﬂ

Let us first observe that it is permissible to multiply either
rO(x) .. rN(x) by an arbitrary scalar 8. For if

RO(x) = arlix)
and

RN x) = vrl(x)

for somc s.aidrs 3 and y, then

= RI/RY = (3/v)q

Lo
1

RO(x) - GRN(x)

and RT(x)

ar0(x) - (B/y)qyr¥(x)

1]

ar¥(x).

Thus the only effect produced by multiplying rO(x) or rN(x) by a
scalar is to multiply future rO(x) and rN(x) by some scalar.

Next, consider the effect of swapping roles. If the

assignments of polynomials to rO0(x) and rN(x) are reversed at
some stage, then we shall calculate a new RT(x), say, at line 7 by

112
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RT(x)

rN(x) - (rN/rQ)rO(X) : "‘:.:‘l":
J J ™ ) .“A‘. ‘.l‘

R

l":l":"‘:lr,

so that AL

N
-qr¥(x) + rO(x) = rT(x) . R

o:'.
-qRT(x)

or &ﬁﬂﬁ
\J \‘Q'l“‘{_
RT(x) = -g='rT(x). «‘?'.‘:'45*:,;'.

Thus, reversing the roles of numerator and divisor has no effect on S
the algorithm other than a multiplication of the result by a scalar R

so long as we take care to retain the correct pair of polynomials at R
X
each iteration.

We are now in a position to eliminate the continuation loop
from program 9, producing an improved version of Euclid's
algorithin. We shall still replace each polynomial aivision by a

6, X X R
2 2
;?z‘ﬁ s
P’
2 )

g;;' ,r"_:
Ry
s

sequence of k + 1 partial divisions. After the initial f‘ f%fl
determination of rT(x) (in a given polynomial division) we omit EE} \;t

the branch to the continuation loop, define rO(x) by the old
divisor in the last line, and let rl(x) become the divisor at line
2, thus reversing the roles played by r0(x) and rN(x).

i

Having once defined rO(x) at line 9 of the completion loop,
however, we must not redefine it (except for shifts in line 1) until

the polynomial division is completed. This we can ensure by adding
the statement



o
Cej-2 AR

to the end of the completion box, and replacing the branch from the
test T

S5
j 28 A
’ o
with a branch to the first line whenever the relation is satisfied L.f%vﬁﬁ
by <. The first time through we have j = 29 + k. At the new last iﬁkﬁﬂﬁ
line of the box, ¢ is redefined as 9' = j - ¢ = 5 + k. Thereafter, ."ﬁkﬁﬂ
the branch test will succeed for the next k iterations, until ﬁvﬁgﬁkﬁ
j =20+ 2k = 29', when the polynomial division is finally _;\.:P
completed. During these k iterations the roles of rO(x) and ;ﬁE::;“}
rN(x) remain reversed. The divisor polynomials of program 9 are i§3ﬂ3~3
now numerators, and scalar multiples of the numerators of program 9 :kgfﬁﬁ
are now divisors. Eéfibi;i
There is one more point to be made. During the k iterations F?gé:géi
with reversed roles rg is fixed and nonzero (as r? was fixed and ;i;gﬂgf{
nonzero in program 9). However, it is possible that at some one of o !;’
thes: .terations r§ is zero, causing a branch to line 1 from {f&fﬂ\ Y,
line 5. Th s is more efficient than the longer path taken in ﬁk** ]

i)
g ';“r

program 9, where q is defined as 0, ri(x) as r0(x), followed by

a branch to the continuation loop which redefines r0(x) as

rT(x), i.e. as itself. The result is the same; the path taken is
longer in program 9.

K
2

'1 » b&
}.‘( A 5\?
®

Our final version of Euclid's algorithm is given by program 10
and illustrated by example 15, a reworking of examples 2 and 14.

Example 15: f(x) = x> + 3x* + 3x2 + 65x + 10

glx) = 2x2 + 7x + 3 over GF(11)
d=3
114
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START

(-0

j-0

P - f(x)

(x) - x%(x)

INITIALIZATION

IA

i) ~ x°(x)

M) - r'x)

Mx): 0
jri+t
n: 0
q - i

rx) = °(x) - qrix)
j: 2

Plx) - Mx)
0 ~j-0

RECURSION

INPUT: POLYNOMIALS f(x), g(x); INTEGER d = deg (f(x)) - deg (g(x)) > 0
OUTPUT: ged (t(x), g(x)) = 17°(x)

Program 10. SIMPLIFIED EUCLID'S ALGORITHM
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! A
: j=0,2=0 .ot'“t‘l ;
¢ “:"!'
‘ ¥
rO(x) « xF(x) = 10x® + 5x°> + 3x* + 3x? + x :‘!‘::.'c
|'
rN(x) « x33(x) = 3x® + 7x"* + 23 " A
:*.'.f;;.:
v ‘
b j=1’2=0:r§=0’ ’.'i.‘
: \ .::‘:'"'
‘ rO(x) « xr0(x) = 10x7 + 5x® + 3x> +3x3 + x?2 k:!.
.
J N ‘I"‘!
j=2,1=0 r=o, .,'
| ’ ."lv::‘!
- rO(x) « xrO(x) = 10x® + 5x7 + 3x5 + 3x* + x3 .“‘5}:22{:1
j J= 3. =0 Y‘N =2.r: =1 q-= 1/2 =6 ;:.':.0:'.
¥ ’ J ’ J ’ .‘c.“‘."
° s
E rT(x) « rO(x) - gri(x) = 10x® + 5x7 + 3x® + 4x> + 5x" :‘.:c;..j:':;
rO(x) « xrN(x) = 3x® + 7x> + 2x* "-"
rN(x) « rT(x) T
. Y
; N 0 AT
J=4,2=3:rj=5,rJ=2,q=2/5=7 3_{,,’;’:*.,
:.- 2.4 .l:
\ rT(x) « rO(x) - qrN(x) = 7x® + 9x7 + ax® + x5 o
rO(x) « xr0(x) = 3x” + 7x5 + 2x5 o 'ﬂ!
rN(x) « rT(x) '*":‘.«.
2 ::2. ' ‘x“
: FaG .
j=5,0=3M=1,M=2q-21=2 o
N
T 8 7 6 5:'3: ".:‘.
rf(x) « rO(x) - qrN(x) = 8x® + 7x” + 10x ‘!.Z
rO(x) « xrO(x) = 3x® + 7x7 + 2x° ;-‘$ ~
. rN(x) « rT(x) N
A . N 0 sl
! j=6,1=3:rj=10,r5=2,q=2/10=9 RS
| J J Ao TAT
3 \‘_tx::{:{_
rT(x) « rO(x) - qrN(x) = 8x® + 10x’ ,':\.-;i.;j-\.:
g rO(x) « xrO(x) = 3x% + 7x% + 2x7 A
. rN(x) « rT(x) Ay ;
Ap o
. i
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l"l‘
» ni-"‘h#
.ﬂ.*
b *‘"
? . Jv
L
N 0 |..|.::::.::
j=7,2=3:ry=10, rj = 2, q=2/10=9 af ﬁ”"
.“.
rT(x) « rO(x) - qrN(x) = 3x? + x8 ,.-h"'.
rO(x) « xrN(x) = 8x% + 10x® s
.:,. Ve
rN(x) « rT(x) P lﬁh“k
' c‘
J=8, v=4: rS‘-' =1, "'9 =10, q = 10/1 = 10 !,0':!,.:.“,.2
®
rT(x) « r0(x) - qrN(x) = '.'0"'."":‘"-.'.
rO(x) « xr0(x) = &x!? + 10x° S,
ri(x) « rT(x) = 0 i;&;g&;:
'l‘.‘.l‘Q:I‘C
p h”h’i
stop . J
‘_'-:-"‘I- \
-'.g.!
a— .\.Ql“
8 » gcd(f(x), g(x)) = rO(x) = 10x + 8 gﬁ‘
.
pED N
8=10, y=p"=10 .';_a"
.l
Nﬁté
gcd(f(x),g{x)) = x + 3 “w

Program 9 is an exact translation of Euclid's algorithm for
polynomials when polynomial division is broken down. Program 10 is
cleaner and more efficient than program 9. Program 10 closely
parallels Berlekamp's decoding algorithm and, in effect, shows why
the Berlekamp-Massey algorithm is more efficient than decoding
algorithms based directly on Euclid's algorithm. In section 7.4 we
adapt the Mills' decoding algorithm of program 5 to reflect the
changes of programs 9 and 10. The resulting decoding algorithms are
then shown to be equivalent to the Euclideanized Berlekamp-Massey ?:{N*tgn
algorithm of program 8. :i~$‘>ﬁw§

PN,
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7.4 MILLS' ALGORITHM IN BERLEKAMP-MASSEY DRESS %W

o 'g.:\\

In this section the Mills' decoding algorithm of program 5 is ii:f%%i
modified in two stages. First, the polynomial division is replaced
by a sequence of partial divisions as in program 9. The resulting
algorithm is essentially the same as program 5, but is free of
polynomial divisions and can test for termination by counting
iterations. However, like program 9 it suffers from a more
complicated control structure in that the recursive section consists
of two distinct loops. In the second stage we eliminate the
continuation loop, producing an algorithm analogous to program 10.
This version of Mills' algorithm closely parallels program 8 and
might be viewed as its Euclidean reflection. Finally, we show that
these new decoding algorithms are equivalent to the Berlekamp-Massey
algorithm of program 8.

“' » '7"

An initial change which we make in program 5 in order to
conform to the initializations of programs 7 and 8 is to reverse the
signs of the initial values of rO(x) and aO(x). In program 5,
this would have the effect of reversing the sign of gq(x) at each
iteration and of r(x), a(x), and b(x) at each odd-numbered
iteration. Since at termination A(x) is obtained as some scalar
multiple of bN(x), and 3(x) as the same multiple of aN(x), this
sign reversal may change the scalar but does not affect the
determination of A(x) and o(x), nor of the error magnitudes.

As in programs 9 and 10, it is convenient to be able to define
q at the jth iteration as r?/r? instead of as the ratio of the
leading coefficients. To achieve this, we initialize N(x) by
xS(x) and rO(x) by 1, as in programs 7 and 8, rather than by 3(x)
and -x2t, as in program 5. Initialization of rN(x) by xS{x)
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START
—> (-0 b(x) ~ xb(x) bo(x) ~ bT(x)
j-0 a%(x) ~ xa°(x) a%(x) - a"(x)
o) - 1 P(x) ~ xr(x) °(x) - r'(x)
Mix) ~ xS{x) BMK) ~ bT(x) bM(x) ~ xbMx)
) -~ -1 ax) ~ aT() 2 - xa"n)
a’(x) ~ 0 MNx) ~ r'(x) Mx) = xr(x)
bo(x) ~ 0 - - (=41
bT(x) - 1 . P ] conTINuATION LOOP
Mo —l
INITIALIZATION q - e EXIT
bT(x) ~ b(x) - gbN(x)
a'(x) ~ a%x) - qaN(x)
ri(x) = r°(x) - qri(x)
joroa Z
b°(x) ~ bM(x)
a%x) - aM(x)
P°(x) ~ Mx)
COMPLETION LOOP
INPUT: SYNDROME POLYNOMIAL S(x), INTEGER t ‘_ s
OUTPUT: § A(x) = bN(x), 7 (x) = aM(x)/x ';':":'"- : -

#:::,

Program 11. MILLS' ALGORITHM WITH PARTIAL DIVISIONS

- L C YT,
§§;J‘-
S
n))‘}
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means that at iteration 1, r) will be S;; initialization of r0(x) ;::g::i;:

by 1 means that at iteration 1, after a right shift of rO(x), r? :?::;?::::,

will be 1, and the initial q is defined as 1/S,, as required, 1 and 3‘53"-:9

S, being the leading coefficients of x2t and 3(x). ,é:":

s

Program 11 is a representation of Mills' algorithm with these :?:‘%:;:g

initialization changes when the polynomial division is broken down S 59"

into its partial divisions (i.e., program 11 is the Mills' decoder "».i::'.i:l

analog of program 9). This is not a different algorithm from that n::::cs:k

represented in program 5, but explicitly shows what is implied by ',ﬁg;:':::i

the first statement in the recursion of program 5 ,*?

: RS

R a(x) « LrO(x)/rN(x)]. N

0 :‘E: :"::

" The recursion in program 11 is divided into two loops, the left one :’”"

» for completing a polynomial division, and the right loop for ".\E

oy continuation of the division as in program 9. Choice of which loop f |,.::‘,:‘

to follow is determined by the integer variable 2. ':'::'.:t

(N LG tgat

K Termination of the program can now be decided by counting AN
jﬁ jterations j and stopping if j exceeds 2t. For, if in program 5

;;:':: deg(rN(x)) < t then in program 11 r? = 0 and the program makes

no further changes except to increment j. Suppose 2t iterations do

a not suffice. Each polynomial division with k = deg(q(x)) requires
:§ 2k iterations (k shifts of rO(x) followed by k trips through the
‘,:‘ continuation loop). Thus, if n polynomial divisions are required,
% and ki denotes the degree of the ith quotient polnomial as defined
R by (85) for the remainder polynomials of program 5, then

[Na

§,

N
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' ki = 2t + 2s
1

i

where s > 0 if 2t iterations do not suffice.

But

.13

k= deg(r(x)) - deg(r"'l(x))

i=1

= 2t - deg(r-1(x))

Therefore,
deg(r"1(x)) = 2t - (t + s)
=t-s5s<1t

leading to a contradiction.

The treatment of r(x) is slightly different from that of
We need to keep only 2t terms, and at each iteration j
we set rj = 0, leaving only 2t - j coefficients to be multiplied
at the next update. We thus require only 2t + t multiplications

program 5.
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Therefore, 2t iterations suffice and
program 11 need not test for the degree of rN(x).
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¥ for updating rT(x), instead of the 3t + t implied by prog am 5. AL
ig In program 5, the number of multiplications could also be reduced QS:ﬁ:
‘ﬁ from 3t2 + t to 2t + t by recognizing that terms in r(x) beyond §§t¢$
! 2t - j need not be retained after iteration j. However, this same i;;;,
§ reduction cannot be applied in program 4 without losing a(x) in the ag‘;
5 process. 2t basic time units are required in program 11 to correct ~,‘$¢
i t errors, where a basic time unit consists of the time required for \&ﬁﬁh
' one finite field division, one multiplication, and one subtraction. _ Q“
;i v, ::
'e We now repeat our Reed-Solomon 3-error correcting code example Jﬂzﬁﬁ
Y for program 11. D

.-

Example 16: Reed-Solomon 3-error-correcting code over GF(11) with

a = 2.
K
' t = 3; let c(x) = 0, v(x) = e(x) = 6x° + 5x8 + 3x3,
e S(x) = 10x> + 7x* + 9x? + 8xZ + 2x + 9
, = , 0 = 0
W i=0
ty
' rN(x) = xS(x) = 10x® + 7x° + ox"* + 8x3 + 2x? + ox
: rO(x) = x (after shift)
4 bN(x) =1
M
t bO(x) = 0
) aN(x) = 0
3 al(x) = -x = 10x
I.'
» 0, N . .
! J=1,2=0: q=ry/r] =1/9 = 5; execute continuation loop
i)
A
4 rN(x) « xrN(x) = 10x7 + 7x® + 9x> + 8x" + 2x3 + ox?
i r0(x) « rO(x) - qrN(x) = 5x® + 9x° + 10x" + 4x® + x?
/ bN(x) « xbN(x) =
! bO(x) « bO(x) - gbN(x) = 6
e aN(x) « xaN(x) =
- a0(x) « a0(x) - gaN(x) = 10x
M
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1 q= rg/rg = 1/9 = 5; execute completion loop

rO(x) - qri(x) = 5x7 + 3x® + 8x> + 3x"* + 5x3
xrd(x) = 10x3 + 7x7 + ox® + 8x> + 2x"* + 9x3
bO(x) - qbN(x) = 6x + 6

xbN(x) = x2

a0(x) - qaN(x) = 10x

xaN(x) = 0

i q rg/rg = 9/5 = 4; exceute continuation loop

5x3 + 3x7 + 8x° + 3x> + 5x"
10° + 9x’ + 8x% + 9x> + x*
6x2 + 6x

x> +9x + 9

10x4

4x

1 q=

9x®
5x°
2x?2
6x3
9x?

10x3

q

9x°®
5x°
2x}
6x>
9x

" + + + + +

+ + + + +

rglrﬁ = 1/5 = 9; execute completion loop

ax’ + 2x® + 4x®

3x® + 8x7 + 3x® + 5x°
10x + 9

6x 2

4x

rg/rg = 5/4 = 4; execute continuation loop

4x® + 2x7 + ax®
3x’” + 6x°

10x2 + 9x

9x% + 4x + 8
4x2

10x® + 8x° + 6x
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S
X 4 ‘l‘. :
J=6,5=3:q-* rg/rg = 6/4 = 7; execute completion loop :::"::::::::
Ry
) e i
rO(x) = ox!¥ + 4x® + 2x8 + 4x’ it
/ bN(x) = 3x3 + 5x2 + 7x + 8 Py
~ bO(x) = 2x* + 10x3 + 9x? :.J-;,;:{
‘ aN(x) = 2x3 + 2x2 + 6x H&Q{:J
l a0(x) = 9x* + 4x3 &‘t.
‘N'“ ".;‘
) "'..."" (Y
\ j=17, stop: v=28,+vl=7 Qkﬁbﬁb
r A(x) = v=irN(x) = 10x3 + 2x% + 5x + 1
A(x) = v=laN(x)/x = 3x?2 + 3x + 9
i x2te(x) = v=ieN(x)/x = x® + 2x’
* A(x) = x? + 2x

The computational flow of program 11 is awkward, 1ike that of
program 9. A more efficient algorithm can be obtained by
incorporating the changes of program 10 into Mills' decoding
algorithm. Three alterations are made to program 11:

(1) Eliminate the right-hand loop, returning the arrow to the
X top of the left-hand loop.

(2) Reverse the condition for taking the branch from ">" to

ll<ll .

- (3) Add the specification statement
.« J -0

, to the bottom of the left-hand loop.
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These changes result in program 12, which is seen to be very similar ﬁsk
to program 8. Like programs 8 and 9, program 12 requires 2t + t QE “a

¢ !.
multiplications for updating rT(x), and a total on the order of ‘Eﬁhakﬁﬁ

4t? multiplications for finding A(x) when t errors have occurred. e

)

oV %

Like programs 8 and 9, program 12 requires 2t basic time units where b§§§%§§'
) '

a basic time unit includes the time to perform one finite field DN
division, one multiplication, and one subtraction. 0 \

X

"

\

"
i
AGES N
] [

R
MoaTh

We now repeat example 16 for program 12. 4

aatioh
R

Example 17: Reed-Solomon 3-error-correcting code over GF(11l) with
a = 2.

t = 3; let c(x) = 0, v(x) = e(x) = 6x’ + 5x8 + 3x3,
S(x) = 10x> + 7x“ + 9x3 + 8x% + 2x + 9

J=0,0=0
rN(x) = xS(x) = 10x® + 7x> + ox" + 8x3 + 2x? + 9x
rO(x) = «x
bN(x) = 1
bO(x) = 0
aN(x) = 0

a0(x) = -x = 10x

POl = 19 =

J=1,21=0:q

)
o

rN(x) = 5x8 + 9x5 + 10x" + 4x3 + x2
rO(x) = 10x” + 7x® + 9x° + &x" + 2x3 + 9x?

+
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oY
k.:‘..-b'\ﬁ
WAL
¢
~ )
' :?' ,: ‘:.:
Ko A% 1%,
K ..l'
START et
— t-0 bo(x) ~ xb°(x) hteht
i-0 a%(x) - xa®(x) :::
N
i) - xSt bMx) ~ b7 R
0 RIS, 3
a’x) ~ -1 aN(x) - a'(x) J'-ﬂ.——
a'ix) - 0 MNx) = T(x) o
0 K
box) - 0 j,_i+1 .:.4".““‘
T > y q'l.':ol
b'(x) ~ 1 joo2t —— EXIT
= .-
: L]
INITIALIZATION 0o -
~ ¥ .
q 10 K AN
bT(x) ~ bO%(x) - qbN(x) iy .,::t
B! )
a0 ~ a%(x) - qaM(x) g:,. o
)
r'(x) = r(x) - qri(x) o'ty
<
I ',:::f-.‘"w. )
bo(x) ~ bMx) \:::::'.: ‘
. "B
a%x) — aN(x) :’_":
s
(x) ~ M(x) Sty
M'-l ;\\'
RECURSION - " :
o "’
Wl
L0t gy

INPUT: SYNDROME POLYNOMIAL S(x), INTEGER t
OUTPUT: § A(x) = bN(x), 7 0(x) = a¥(x)/x

Program 12. SIMPLIFIED MILLS' ALGORITHM
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1 Ly UL Ry N NSRS LW LT LT e D SRR T T AT

i N
.

AR
.9
Rt

I gty
] .
L j=2,9-=:q=r9/r§ 9/1 = 9 &."o;
el
Nlo.'
‘.l

1)
= 10x7 + 6x® + 5x° + 6x* + 10x3 ahe,
9x® -

10x® + 7x’ 8x> + 2x* + 9x3 AL
X+1 }' ‘l.‘

[

-
=
—
x
A
|}
+

' 8 K A AR e
o O T -3
Z O = O
~ = =< =<
> X X X
S e
" ononon
>
N
+
+
i
L'd
A
P ¥

MM AN
> R

o
(]
»x
~—
1]
o
P

jJ=3,1v=1: q-= rg/rg = 9/10 = 2;

Nix) = 10x® + 9x7 + 8x® + 9x> + x“
rO(x) = 10% + 6x’ + 5x° + 6x> + 10x"
bN(x) = x? + 9x + 9

bO(x) = x% + «x

aN(x) = 4x

a0(x) = 9x?

j=4,2=2 q=r9/eN=10/1 =10

wN(x) = 9x8 + 4x7 + 2x® + ax®

rO(x) = 10x? + 6x% + 5x7 + 6x° + 10x°
bN(x) = 2x2 + 10x + 9

bO(x) = x3 + x?

aN(x) = 9x2 + ax

a0(x) = 9x3

j=5,82=2:q= rg/r§ = 10/4 = 8

rN(x) = 10x° + 0x® + 6x7 + x®
rO(x) = 9x% + ax8 + 2x7 + ax®
bN(x) = x> + 7x2 + 8x + 5
bO(x) = 2x3 + 10x? + 9x

aN(x) = 9x3 + 5x% + «x

a0(x) = 9x3 + 4x2
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- Ak

j=6,2=3:q=r2/r§=4/1=4

P S Ly Py

rN(x) = 2x? + ax® fhenive

rO(x) = 9x!% + 4x% + 2x® + ax’ -

: bN(x) = 9x3 + 4x? + 10x + 2 AR
; 4 3 2 S
X bO(x) = 2x* + 10x3 + 9x R
: aN(x) =6X3 +6X2+ 7x : d '
R a0(x) = 9x* + 4x3 3! .
(KRN E W

¢ . 1 '. "‘%
¢ =7, stop: v=2,v" =6 l. o.::f
: . N
Ax) = v IeN(x) = 1063 + 2x% + 5x + 1 MO,

o(x) = v=laN(x)/x = 3x2 + 3x + 9 oy

1 x28a(x) = v=ieN(x)/x = x® + 2x7 ;ﬁ:
4 A(x) = x% + 2x hogind
ol .q‘.

) Wil
Transformation of program 11 into program 12 is justified by e

i the same arguments used for validatng the transformation of program _. ‘:f
N PN
» 9 into program 10. We now demonstrate that at each iteration j the (\; o
. polynomials aJ(x), bJ(x), and ri(x) produced by program 12 :'% : .,3
differ from those produced by program 8 only by a scale factor. To "“1

q distinguish between the polynomials produced by the two algorithms %
2 we shall use lower case r(x), etc., for program 12 (Mills) and upper ::E‘q:\
| case R(x), etc., for program 8 (Berlekamp-Massey). We assume that CP-\S).\(.
at iteration j at the instant when the counter j is incremented the o 'y

r polynomials rO(x) and rN(x) are related to RO(x) and RN(x) Sﬁ'ﬂ_
; A
F::}::Z':'\t

r0(x) = aRO(x) ®

i PN
y e
‘ rN(x) = vRN(x) RVEON
A ,-._‘h.;\}_
A

®
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where 3 and v are scalars (field elements), and show that if f t.':w:‘v
N o 8 g
ry+0 2~

rl(x) = -qvRT(x) -

where “ 'l"'a‘

= 0, N _ -1 :@‘
q rj/rj (B/Y)d

where d is the quantity computed at line 9 in the recursion section o .',..!‘
)
of program 8. We have QV

RT(x)

RV(x) - dRO(x)

or

-a~1RT(x) = RO(x) - a-'RN(x).
Therefore,
-(v/3)qRT(x) = 3=1pr0(x) - (v/3)qv-irN(x).

Multiplying by B8, we find that

-qvRT(x) = rO(x) - qrN(x) = rl(x).

Thus, each time r? # 0, the ratios rN(x)/RN(x) are multiplied

by -q to obtain rT(x)/RT(x); when ry = 0, RS" = 0 so that q
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is undefined and rT(x) and RT(x) are unchanged. For j = 0, .'c.u':' W

h
r? = Rg , SO that at iteration j ' t'::

~ 0
e

Wiyt n‘!‘

X ,.g‘ Sl

J
rT(x) = T (-qi)RT(x). (88)
3

i=1 ¢

Qe
qj defined oy N~

R
R

The same relationship holds between a'(x) and AT(x) and between Py
bT(x) and BT(x). Observe that qj is never zero in program 12, y ‘ig"':'éf{
because rO{x) is initialized as 1, rO(x) is redefined as rN(x) y 1‘
only when rgl + 0, and r? does not change when r? = 0. Since 3”' i
program 8 solves the key equation, it follows that program 12 must
solve the key equation (14) for A(x) and n(x). Again, we do not By \("r;
care if the polynomials differ from those produced by program 8 by a :ﬁg\’ a,
scale factor, for neither the Chien search nor application of )

Forney's formula (16) is thereby affected. P e

(}
Let ; !
ERRRL R
qj defined :

Pw

in expression (88). Table 1 shows the values of Mj, M(x), and '.c::
RN(x) obtained in a comparison of examples 17 and 13. From this E’}'C\‘\:c !
table it is easily seen that equation (88) is satisfied by the - N
outputs for rN(x) and RN(x) from programs 8 and 12 for this : .;.,k;':"(
example. Similar tables can be constructed for aN(x) and bN(x). "Q‘.::‘:'.‘
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Table 1. A Comparison of Outputs from Programs 12 (rN(x))
and & (RN(x))

i g rN(x) M; RN(x)

1 5  5x°+9x°+10x*+4x >+x? 6 10x5+7x 2+9x “+8x 3+2x 2
2 9 10x’+6x5+5x>+6x" +10x% 1 10x7+6x5+5x°+6x*+10x3
3 2 10x° +9x7+8x6+9x +x* 9 6x8+x7+7x6+x5+5x

4 10  9xB+ax7+2x+4x° 9 X +9x +10x°4 649x>

5 8  10x%+6x +x 5 2x°+10x /+9x ©

6 4  2x°+4x° 2 x+2x8

We now go back and show that at each iteration j the
polynomials aJ(x), bJ(x), and ri(x) produced by program 11
differ from those produced by program 12, and hence from those
produced by program 8, only by a scale factor. Since program 11 is

equivalent to program 5, this demonstrates the equivalence of Mills'

algorithm and Berlekamp's algorithm.

To distinguish polynomials produced by program 11 from those
produced by program 12 we shall use lower case r{x), etc., for
program 11 and upper case R(x), etc., for program 12. We now have
two separate cases to treat, according as we have just executed the
completion loop or the continuation loop in program 11. In the
former case the branch at line 14 of the recursion of program 12 is
not taken; in the latter case the branch is always taken.

Case 1: Completion Loop

We assume
rO(x) = gRO(x)
rN(x) = yRN(x)
131
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L ICN ST
! for some field elements 8 and v, and show that u‘.:,'
. "w
)
L rT(x) = 6RT(x) N
3 ) S ;-"\-.
N for some field element 5, namely 3. :f{‘,’. o
&
: c‘a.?":;:f
N We have 3{5 !::.
@
1 o WO, N _ o0, N .:;:.'.:"
L] £
: o
H '
! rT(x) = rO(x) - qrN(x) ‘.u‘.
; et
N = 8RO(x) - (8/y)QyRN(x) e
) ) |‘€
: N
: = RRT(x) (89) }‘ O]
§ . . . . N .
/ so that & = 3, as claimed. At the conclusion of the iteration, we "5:}? g
4 :., o I
: then have ,‘3{:: .::'f
' rO(x) (new) = rT(x) = 8RT(x) = RRN(x)(new) o
’: Y ‘:‘
‘: "l:q ':!:
o and ity
3 ':"r By :
. ®
: rN(x)(new) = xrN(x)(ola) = yxRN(x)(01d) = yRO(x)(new), ::55&
S AN
s where rO(x)(new) denotes the value of rO(x) just prior to the e
RV i Yy,
next incrementation of the counter j, rN(x) (old) denotes the »?'.».‘--'\: |
. value of rN(x) at the last incrementation of the counter j, etc. X
Ll :: ‘
' >
y o'
!
]
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We assume RO

Case 2: Continuation

R,
e,
rO(x) = 8RN(x) Rt tek

IR )
rN(x) = yRO(x) A

i

WL

T

for some field elements 3 and v, and show that '
:_'» OO0
rT(x) = &RT(x) g

o
for some field element 6, namely -?r/Q. ,3“§ﬁ%
P v, l‘::i.:.ll'%
A

..
q = vy = aRY/R = (smig- e

We have

3 "}
(Recall that ( # 0, for q is never 0 in program 10.) P! N

®
rT(x) = rO(x) = qrN(x) RNt
ey
BRN(x) - (8/v)Q~'yRO(x) ""':"-‘12

iy
~(8/Q)RT(x) (90) T

so that & = -8/Q, as claimed. We must consider two subcases, \ Sk

U %
according as we are still in the continuation loop in program 11 or Ao
are in the completion loop.

Subcase 2a: still in the continuation loop

We have

rO(x)(new) = rT(x) = -(3/Q)RT(x) = ARN(x)(new)
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and

rN(x)(new) = xrN(x)(01d) = vxRO(x)(01d)

= yRO(x)(new),

satisfying the conditions assumed for conclusion of a continuation
loop.

Subcase 2b: in the completion Toop

We have

xrN(x){o1d) = yxRO(x)(01d)
rl(x) = -(a/Q)RT(x)

rO(x) (new)
rN(x)(new)

= yRO(x) (new)
= 8RN(x)

satisfying the conditions assumed for conclusion of a completion
1o0p.

Since initially the programs begin with

rO(x) = RO(x)
and
rN(x) = RN(x)
the assumptions for both case 1 and case 2 are always met. Thus, at
every iteration j the polynomials aJ(x), bd(x), and ri(x)
produced by program 11 differ from those produced by program 12 only
by a scale factor (though of cours> the roles of rO(x) and
rN(x), etc., are sometimes reversed).
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We have now shown that program 5 (Mills' algorithm) is 3

equivalent to program 11, which is equivalent to program 12, which }f&hﬁ;.
is equivalent to program 8, which in turn is equivalent to program ittty
7, which is an expanded version of program 6 (Berlekamp's Q0 Wéiff
algorithm).

PagaCed .t
We conclude that Mills' algorithm and the Berlekamp-Massey fl‘ '.‘
algorithm may be viewed as variants of Euclid's algorithm which are

equivalent in the sense that partial results produced by one ‘:dﬁﬂﬁﬁﬁﬁ
. o
algorithm can be mapped directly into partial results produced by Sty

ety .i‘ "’0

the other. E:"'f"}
) @

§
. . . . 0‘.!’\\ ;
To complete this section we display table 2 showing the % ﬁ?fﬁ

'
polynomials ri(x) and RT(x) defined at each iteration j for il

e
examples 16 and 17 using programs 11 and 12, respectively. Also L N
shown are the values of the polynomials rO(x), rN(x), RO(x),
and RN(x) at the beginning of the iteration (i.e., these are the

values determined for these polynomials during the j-1st

jteration). From the table it is readily observed that the

relations (89) and (90) hold for rT(x) and RT(x) determined at
iterations following execution of a comp]etidn loop and following
execution of the continuation loop, respectively.
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Table 2. A Comparison of Outputs from Programs 9 (rT(x))
and 10 (RT(x)) .
Program 11 Program 12 458
e
0 0 :"a p\'
ro(x) 3 R™(x) % 0
J rN(x) Y RN(x)
rT(x) & RT(x)
W
X 1 X /
1 10x°+7x°+9x"+8x3+2x% +9x 1 10x°+7x>+9x"+8x 3 +2x2+9x &
5x °+9x >+10x * +4x >+x 1 5x5+9x°+10x "+4x 34x? B
5x5+9x °+10x “+4x 34x2 1 10x7+7x549x >+8x “+2x 3+9x 2 -
2 1o§7+7 64+9x°+8x"+2x3+9x2 1 5x®49x +10x"*+4x3+x? e
5x’+3x ©+8x >+3x " +5x 6 10x7+6x%4+5x S+6x “+10x3
10x847x 7+9x 648x 2 +2x *+9x 3 1 10x8+47x 7+9x 8+8x S+2x *+9x 3 :.
3 5x/+3x%48x°+3x"+5x> 6  10x’+6x5+5x°+6x“+10x3 .
10x8+9x 7+8x 8 +9x S +x" 1 10x®+9x7+8x5+9x5+x" rwE
, pa
10x8+9x 748x 649x S+x* 1 10x8+6x7+5x8+6x3+10x" T
4 5x%+3x/+8x°+3x°+5x" 6  10x8+9x7+8x%+9x5+x" Ko
9x5+4x "+2x S+4x° 1 9xB+ax’42x5+4x> e
5x2+3x 848 7+3x 45x 6 10x+6x%+5x7+6x5+10x5 -
5  OxB+4x742x8+4x°> 1 9x8+4x’+2x%+4x>
5x7+0x 8+3x T +6x® 6  10x°+0x5+ox7+x®
5x2+0x 843x 7+6x & 6 9x+4x 8+2x '+4x 6
6  9x +4x8+2x7+4x 1 10x°+0x8+6x 7 +x© o
8x°+5x 4 2x7+4x°

.
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7.5 COMPARISONS

In this section some comparisons are made among the various
algorithms which have been treated so far. We first compare,
briefly, the versions of the Berlekamp-Massey algorithm that have
been discussed; second, we make comparisons among the different
versions of the Euclidean algorithm; finally, we make comparisons
between the two classes and consider whether there is any choice to
be made between programs 8 and 12.

The three versions of the Berlekamp-Massey algorithm which have
been discussed are represented by programs 6, 7, and 8. All three
programs solve the key equation (14) for A(x); programs 7 and 8 also
provide 7(x) at the cost of more multiplications and storage for
a{x). Program 6 requires computation of the discrepancy d at every
iteration by a vector inner product calculation whose length grows
at each iteration. This would be highly undesirable if the
algorithm were to be implemented in a VLSI systolic array. Programs
7 and 8 avoid this calculation by retaining, instead, an additional
trio of polynomials rN(x), rO(x), and rT(x).

Program 8 is more efficient than program 7 in that the updates
of the old polynomials rO(x), aO(x), bO(x) in lines 15-17 do
not require a multiplication. However, both programs may be
unsuitable for VLSI implementation. Program 7 usually requires
computation of a finite field inverse d-! at alternate iterations,
while program 8 requires a finite field division rglrg at every
iteration. Both operations are considered difficult to implement in
VLSI. In section 8.1 we examine Burton's enhancement of the
Berlekamp-Massey algorithm. This modification obviates the need for
computing finite field inverses or performing finite field division
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within the Berlekamp-Massey algorithm. (Of course, a division is
still required outside the algorithm if Forney's formula (16) is

used to calculate the error magnitudes.)

The Euclidean decoding algorithms under consideration are
represented by programs 4, 5, 11, and 12. It is clear that programs
analogous to 11 and 12 can be constructed for the Japanese algorithm
of program 4. Both programs 4 and 5 suffer certain deficiencies
compared to programs 11 and 12 and the Berlekamp-Massey programs:
they require polynomial division, itself an iterative algorithm; in
certain situations they can have problems with termination; and
there is a constant irksome need to determine the degrees of

polynomials and vary action accordingly.

The quotient polynomials q{x) in programs 4 and 5 are usually,
though not always, linear. On the average, one polynomial division
of the Euclidean algorithm is equated with two iterations of the
Berlekamp-Massey algorithm. But when we break the polynomial
division of Mills' algorithm down into its component partial
divisions in program 11, the number of iterations becomes 2t for
both algorithms. The difference is that each pair of iterations in
the Berlekamp-Massey algorithm consists of two nearly identical
steps, whereas each pair of partial divisions in the Japanese or
Mi1ls’ algorithms consists of two distinct steps, clearly favoring

the former,

Termination in programs 4 and 5 is correctly determined if the
number of errors does not exceed t, the underlying assumption.
However, in the Berlekamp-Massey algorithm, if more than t errors
have occurred, the length 2 of the shift-register will sometimes,

138

-

’
s
‘ﬁ‘:‘l: -

o
e
-8

. 'y
[

™

)
-

t

§

5
s
s

..
.
v

S
g
A »
4

- % “

T vy
5 &

L3
P

bt s®

s

‘(ﬂ
>
na

A 4

2

o

- ‘-,':,":.

.2
a_ 4
AR
el

wd
L}
L 4

)

AL
Sy g s Jlo

’

A
5

1"‘"1’
o
~r

L
e

A

2
rr
-

"5‘_\'{
f\

h 5% Y S""

r_r

ATy afaC
B S

AR
- o A AL A WY R A AL AR AT AT T A A m o A T T I S LR L LY R N NN S A AT AL

’ "“: RGN AN M0 NAWEACY -'&":* ‘\‘*\-\:"\ NN S -.’~."-.’~"‘$"\ AT R AN AN A AN A
‘_$\ . g \.’:*\Pi\..:‘.:‘. ..:R ‘.:.’:f\'.:'q‘.’:'_l:f:a‘..:‘!’\-?'. . -..‘-'.\". y :. ....... . ’,.‘ ',' A‘,‘ .'I~’~§~$~:~:‘-' .'5'}.'{ ’-_ {.'f\ f‘v“-“":‘l‘::ﬂs .
‘t’!‘:l. 5‘; g | ‘ -, ol a2t * '. } " L) " GG 'ﬂ- '..' VN o 1"' "."-". . " “’ n " 2 ” " » g NN " . L) ,l



TR YO R VS R I WA AT AT A TAC YT W R U A A e ‘..Aq..‘_.,.ﬂy‘
) ) .~$

though not often, exceed t, indicating that uncorrectable errors »
have occurred. Clearly, this is useful information which may be ;'“\s
lost in programs 4 and 5. Program 12, however, does and program 11 NN
may retain this information. In program 11, the degree of A(x) may —
have to be tested, for ° in this program is not a shift-register §§§é3: 
length. Ef*: g
A1l of these programs can also be used with arbitrary i
(nonsyndrome) sequences outside the decoding context. However, for ﬂﬁ'”““’
programs 4 and 5, there is no certain way, with an arbitrary input
sequence, of knowing when to halt the algorithm. (The other
algorithms are terminated correctly by defining 2t to be the
sequence length.) Consider the following example.

Wy
IOGO

Example 18: Let GF(19) be generated by the primitive root 2. Find
shortest length LFSR's to generate the sequences

sy : 14,7, 12, 15, 7, 15, 12, 7, 14, 6

and

s, : 6, 14, 7, 12, 15, 7, 15, 12, 7, 14.
The Berlekamp-Massey algorithm, with 2t = 10, finds the solution

A(x) = 2x® + 4x" + 6x3 + 15x2 + 9x + 1

»
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for sequence s;. Programs 11 and 12, with 2t = 10, find scalar
multiples of this same solution:

140(x) = 9x® + 18x" + 8x3 + x2 + 12x + 14.

and

3A(x)

6x° + 12x* + 18x3 + 7x% + 8x + 3.

However, programs & and 5, with t = 5, terminate too soon with the
polynomial

b(x) = 15x* + 2x° + 16x2 + 2x + 15.

If allowed to continue for one more iteration (e.g., by setting
t = 6) both programs find a correct (though different) solution.

When the reversal input sequence s, is used, both programs 4
and 5 terminate correctly if t is chosen to be 5, but produce an
incorrect result if t is set equal to 6. Thus, there is no safe way
to use these programs with an arbitrary input sequence. (The
programs terminate correctly if the sequence is repeated once and t

is taken to be its original length 10.) Programs 8 and 12 have no
difficulty with sequence s,.

The third objection to programs 4 and 5 is the constant need
for determining the degrees of the polynomials used in the
algorithms, and for varying the action taken accordingly. Such a
determination and comparison is implicit in each execution of (84).
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When used to find a minimum length LFSR which generates an mp.
arbitrary sequence, even program 11 can have a problem, at ::'f‘:”‘v
termination, in determining the correct degree of the shift-register "ﬂ"
palynomial. (Recall that % in program 11 does n~t denote the e
shift-register length.) A correct solution for the sequence s, of ) A&,":';::
example 18 is % :g:‘,d;:
:t'h‘l‘f
Alx) = 0x> + x* + 9x% + 15x2 + 9x + 1. o
H r g "*
(N
. . . . RS
The proper shift-register length is 5, not 4, that is, the last i .'
stage must be included even though it is not tapped. Program 11 X
finds a correct shift-register connection polynomial (a scalar ;\,.-%
"‘."_‘-(_\-
multiple of A(x)), but is unable to tell the correct shift-register S::-};.\If
5 g \.‘1
length. :;;:\'I T
[ ) W)
)\:(‘A‘_‘J;}
We conclude that for three substantial reasons, programs 4 and R
5 are not competitive with programs 7, 8, and 12. Program 11 also ;:sf\":’
seems to be out of contention; there is no reason to execute two t::;E“'
distinct equally complex loops instead of executing one of them ?.}r
twice. Thus, we are left with comparing programs 8 and 12. S
VIR
:.“\:{:-.
Between these two programs there would seem to be no oAy
preference. Both have the flaw that a finite field division is ;ft‘}..},
required. This we remove in section 8 by applying Burton's LT
i . i . . j}s"si_«
innovation. Program 8 produces a monic error locator polynomial ‘-.\-_-.;:-:“
.'-.h'.. N
A(x). This may possibly give some advantage to program 8, depending ~j~§-}_.-}$
SN
on the method chosen to complete the error correction. However, as Ry
we have seen, neither the Chien search nor Forney's formula (16) oy e
2t
a.-.
0
.*\-
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benefits from the use of a monic error locator polynomial. 'é::'.::
Furthermore, incorporation of Burton's enhancement eliminates the ..“‘.;:E::.‘:E
monicity advantage, if there is one. .':h:!:::!:‘nf
NGO,
Table 3 summarizes the estimates of the number of ',3;_'& '.’;..r
) 04
multiplications required for each of the programs. All basically -:_ 0 :;3
LA
require on the order of 4t? multiplications to find A(x) when t i A
errors have occurred. Program 6 can get by with 2t? multiplications A0,
]
if b0(x) is not normalized, but does not provide “(x), and %:::::'.::::z::',:
ORI M) !C;
involves an unacceptable delay in the computation of the :‘,:;:‘,E‘,:‘;E::::.
) 0
discrepancies. Program 7 becomes program 8 when the normalization "v'!:*f‘}':ft"e
of b0(x), a0(x), and rO0(x) is omitted. A1l programs except e g
program 6 require 2t basic time units for correction of t errors, - ,.::.::
" Q
where a basic time unit includes the time required for a finite .;:::,‘:;:::’
o’ (A
field division (or inversion), a multiplication, and a subtraction. o ':':::"'i
) ®
]
Table 3. Number of Multiplications Required o':::' 0::?:
(] 0
for Obtaining A(x) in the Presence of t Errors '{:',::::::.‘.
SRR
Program Number of Multiplications Remarks :;-;:.¢- A
G
- mar ol e
: R
.
: gﬁz 1 g
6 2.5t2 2 -
2 ' LY
6 He e
2 :"s'*-d
11 4t2 \':':r‘:' ]
12 4t -
‘.".:‘.':'!u
)
v

£,

1 can be reduced to 4t by dropping terms from r{x)

5
i’::‘?? _

R ]
ATt AY
s ebd . X o
2 can be reduced to 2t? by omitting normalization of bO(x) :.,m.-:fq
’ L
A
oy
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SECTION 8 .gﬁl
|.
INVERSIONLESS DECODING :3::..1'.,‘
':C.'J.n
1'-‘
A1l programs which have been considered so far require 5*ﬁ‘
>
inversion of finite field elements or, equivalently, division of “, .%
| finite field elements. These operations are generally considered to *:’ ’.J
| be difficult to implement efficiently in VLSI. 1In this section we '

3 ..
consider algorithm modifications which avoid explicit computation of dbx&>
inverses and division at the cost of further multiplications. 1In kﬁ”k
section 8.1 we examine Burton's [27] inversionless variant of the %&ﬁ&? ;

Berlekamp-Massey algorithm. In section 8.2 we look at analogous
methods for avoiding the computation of inverses in the Euclidean
decoding algorithms.

8.1 BURTON'S ALGORITHM

Burton [27] has given a modification to Berlekamp's algorithm
which eliminates the usual inversion of the discrepancy d at each
iteration, or, equivalently, the division r?/r? at each
iteration in Citron's version (program 8).

At line 11 of the recursion in program 8 we want to compute the
new shift register polynomial by

bl (x) = bY(x) - (rgl/r?\bo(x) (91)
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START
— X T
-0 bo(x) ~ xb%(x) 0 g::&;_/
i~ 0 a%(x) ~ xa°(x) o 'h':!"":
11 9%,0%¢, 0
P - 1 Px) ~ xr(x) "::1::
‘i!!'l!n'
rT(x) — xS{x) b¥x) - bT(x) = ®
a%x) - -1 a¥(x) ~ a'(x) ; """:'.:"::
a'(x) - 0 Mx) ~ rMx) ’::S'a o
b(e) - 0 =i e
bT(x) ~ 1 . > ntnin
o2 F——exr Y
= . G";ﬂ} \v.:‘ :
0 WAt
Ty} — PhNy) — Nho AR T
INITIALIZATION bT(x) — rfbMx) - 'b(x) R
’ 27(x) ~ faM(x) - ad(x) S
F(x) =~ Prix) - Aeolx) A e
< o e
NN
bo(x) ~ bMx) "
\ *
0, — aN g
a (X) a (X) .‘::.‘.:“::
x) - Mx)
) . N ‘I‘
t = )= %
5 ! '.u: h
; et
.
RECURSION PN TLIN
°
has q:s
INPUT: SYNDROME POLYNOMIAL S(x), INTEGER t RER
i DN PR
; OUTPUT: ; Afx) = bM(x), 3 0(x) = aM(x)/x hahata:
[ LS
YA
[ )
.
Program 13. BURTON'S ALGORITHM 2
N i
|‘l...'..i
N d .
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without having to divide. Multiplying (91) by rg gives 'u::‘:',:.:::'é;g
l'. 4

o .‘!‘d ()

0,7 - JOuN _ NO
rjb (X) rjb (X) rjb (x)-

Burton accepts rng(x) as the new shift register polynomial in
| place of bT(x) as defined by (91), and similarly for al(x) and
rT(x), giving program 13. At the termination of program 13 we end :

N $?*ﬁ

up with a2¥(x)/x = va(x) and b2t(x) = ya(x) for some nonzero }':ﬂd":.‘:::.:i
s

field element y. This is acceptable, since neither the Chien search ) ‘J£§ﬁ

for the error locations nor Forney's calculation of the error
magnitudes is affected. Citron [22] has also used Burton's
modification to obtain an inversionless algorithm equivalent to
program 13.

Example 19: Reed-Solomon 3-error-correcting code over GF(11) with

a= 2.
t = 3; Let c(x) = 0, v(x) = e(x) = 6x° + 5x% + 3x3.
S(x) = 10x> + 7x* + 9x3 + 8x2 + 2x + 9
J=0,2=0

rN(x) = xS(x) = 10x® + 7x> + 9x“ + 8x3 + 2x% + ox e
rO(x) = x TRt
bN(x) =1 2 ..':."}
D) = 0 iy
aN(x) = 0 e,
a0{x) = -x = 10x
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rN(x)
rO(x)
bN(x)
bO(x)
al(x)
' a0(x)

rN(x)
rO(x)
bN(x)
b0 (x)
aN(x)
a%{x)

j=3’9_=

rN(x)
rO(x)
bN(x)
bO(x)
aN(x)
a0(x)

0:.."::!

« rh(x) - 9r0(x) = 10x® + 7x° + 9x* + 8x3 + 2x?2
« xrN(x) = 10x7 + 7x5 + 9x° + 8x" + 2x3 + 9x?

« bN(x) - 9b0(x) =1
« xbN(x) = x
« aN(x) - 9a0(x) = 9x
« xaN(x) = 0
N 0_
1: rj = 2, rj- 9
« 9rl(x) - 2r0(x) = 2x7 + 10x® + x> + 10x* + 2x3
<« xrO(x) = 10x% + 7x’ + 9x® + 8x® + 2x* + 9x?
« 9bN(x) - 2b0(x) = 9x + 9
« xb0(x) = x°
« 9aN(x) - 2a0(x) = 4x
«xa%(x) =0

LN 0.
1: rj 2, rj 9

« orN(x) - 2r0(x) = 2xB+ 4x7 + 6x° + 4x> + 9x*
« xrN(x) = 2x® + 10x” + x5 + 10x> + 2x*

« 9bN(x) - 2b0(x) = 9x2 + 4x + 4

« xbN(x) = 9x? + 9x

« 9aN(x) - 2a0(x) = 3x

« xaN{x) = ax?
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j=4,2=2:r;=9,r;=2 .n;:'-'-::f
J J WY ||'l[
AL
e
}
| N N O(x) = 8x8 7 6 5 ::.:‘.',u".-:'.v
| ri(x) « 2riv(x) - 9rY(x) = 8x® + 6x’ + 3x° + 6x atattatle
| rO(x) « xrN(x) = 2x° + 10x® + x” + 10x® + 2x° AR
’ bN(x) « 2bN(x) - 9b0(x) = 3x? + 4x + 8 = u‘?.f"@.:’
bO(x) « xbO(x) = 9x3 + 9x2 gty
aN(x) « 2aN(x) - 9a0(x) = &x? + 6x o ".E
a0(x) « xaO(x) = 4x3 :ﬁbﬁ?
THRARRRN]
? !
j=s,t=2 6, 02 HR
im0 Badiagy
t‘::;:b"‘o"c
ettty Wiyt
rl(x) « 2r¥(x) - 6r0(x) = 10x® + Ox® + 6x + x® 'y e
rO(x) « xrN(x) = 8x° + 6x® + 3x” + 6x° AR
bN(x) « 2bMN(x) - 6b0(x) = x3 + 7x? + 8x + & ot
O
bO(x) « xbN(x) = 3x® + 4x? + 8x H?E.’:i
aN(x) « 2aM(x) - 6a0(x) = 9x3 + 5x2 + «x _:.%':';::‘.
a0(x) « xaN(x) = 8x> + 6x? .
Fen
PO
; 0 S
= 6’ 0= 3: p) = . = -"ﬂ"'
J R E:" o
e
rN(x) « 6rN(x) - rO(x) = 8x% + 5x® + Ox’ -
(> NN,
rO(x) « xrO(x) = 8x*¥ + 6x° + 3x° + 6x’ o~ f\.u
bN(x) « 6bN(x) - bO(x) = 3x3 + 5x2 + 7x + 8 A
bO(x) « xbO(x) = 3x" + 4x3 + 8x2
aN(x) « 6aN(x) - a0(x) = 2x3 + 2x? + 6x
al(x) « xaO(x) = 8x" + 6x3

147

N W N LGN N RN IO Y W LA S R LN AW N A T AN T AT N T T
o .‘qa'.‘\\:;.‘( a\r'{h\)\4\.«\».'.-\af“\‘r“'-;ti}!\-r\.\.'\:._-) AR I

N . iy
W X AN AN o N - A ACICIN

LA LY AW W '~ Al ooy 4T T

oy ‘M’-}:\.‘V‘m‘~f~m\tx&ts'c-m&mﬁﬁh*-\*"*"“-‘ RPN




j =7, stop. v =28, yl=7

A(x) = y=lbN(x) = 10x3 + 2x? + 5x + 1

o(x) = y-taN(x)/x = 3x%2 + 3x + 9
x2ta(x) = y=IrN(x)/x = x8 + 2x’

A{x) = x? + 2x

Burton's modification almost doubles the number of
multiplications. We require 4t2 + 2t multiplications to update
rT(x), 2t% + 2t for bl(x), and 2t% - 2t + 2 for al(x) for a
total on the order of &t multiplications.

8.2 INVERSIONLESS EUCLIDEAN ALGORITHMS

The Japanese decoding algorithm and Mills' algorithm can be put
into inversioniess form by Burton's technique if we first break the
polynomial divisions down explicitly into their partial divisions

as was done in program 11. To eliminate the finite field division
in the completion loop of program 11, we delete statement 10 (which
defined q) and replace statement 11 by

bl (x) « r?no(x) - rgb“(x) (92)

etc., resulting in program 14. Sugiyama, et al. [12] have used
Burton's technique to yield an inversionless variant of their
algorithm which is equivalent to program 14. Program 14 requires on
the order of 8t? multiplications. Shao, et al. [28] have also

presented an inversionless variant of the Japanese algorithm which
is similar to program 14.
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=0

=0
r°x) - 1
Tx) ~ xS(x)
a%x) ~ -1
a'(x) - 0
bo(x) - 0
b¥(x) -~ 1

INITIALIZATION

o~ PR
» -'_\,'g”-.'. RS

~

X - .,\".“', Mo
AP 3 J9 B AR S

b%(x) —~ xb%(x)
a%x) - xa®x)
P(x) - xro(x)
bN(x) ~ bT(x)
aM(x) - a'(x)
™x) - rT(x)

j~-j+1
jo2t
Mo

BT(x) — m'bo(x) - rPbN(x)
aT(x) — ra%x) -~ Pad(x)
r7(x) ~ ro(x) - Pri(x)

bo(x) ~ b"(x)
a(x) - a'(x)
() - (x)
bNix) ~ xbM(x)
aM(x) ~ xaM(x)
tN(x) — xeN(x)

- tr4+1

CONTINUATION LOOP

i 2
bo(x) ~ bMN(x)
a%(x) - aN(x)
P - ™Nx)

COMPLETION LOOP

INPUT: SYNDROME POLYNOMIAL S(x), INTEGER t
OUTPUT: 3 Mx) = bM(x), 5 (x) = aNjx)/x

Program 14. INVERSIONLESS MILLS" ALGORITHM
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Finally, let us apply Burton's technique to the simplified
Mill's decoder of program 12. Analogous to the changes made in
program 8 to obtain program 13, we delete statement 10 of the
recursion which defined q, and modify statements 11-13, replacing
statement 11 by (92), etc., as in program 14. These changes produce
program 15. It is manifest that programs 13 and 15 are equivalent,

the only difference being the signs of the r.h.s. of statements
10-12 of the recursion. Example 20 shows how this change affects
the partial results.

Example 20: Reed-Solomon 3-error-correcting code over GF(11) with

a = 2.
t = 3; Let c(x) = 0, v(ix) = e(x) = 6x° + 5x% + 3x3,
S(x) = 10x° + 7x* + 9x3 + 8x2 + 2x + 9.
J=0,°=090

rN{x) = xS(x) = 10x® + 7x> + ox" + 8x> + 2x2 + 9x

rO(x) = x
bN(x) =1
bO(x) = 0
al(x) = 0

rN{(x) « 9r0(x)
rO(x) «

rN(x) = x® + 4x® + 2x" + 3x3 + 9x?
= 10x” + 7x® + 9x° + 8x" + 2x3 + 9x?

>

e ]
=z

—

>

—
1]

bN(x) « 9b0(x) - bN(x) = 10
b0(x) « xbN(x) = x
aN(x) « 9a0(x) - a¥(x) = 2x
a0(x) « xaN(x) = 0
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PN NN
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B N R A R R R PO WO R U AR A RA] Séat Cal v ag ol ). Yab Vol 2l \uY
(-0 bo(x) ~ xb%x)
i-90 a%x) ~ xa%x)
Px) ~ 1 Px) ~ xro(x)
r'(x) ~ xS{x) b¥(x) ~ bT(x)
a%x) - -1 a¥x) - a'(x)
a’le) - 0 ™x) = 1y
b%(x) ~ 0 P o e
bT(x) - 1 j 2t
= 0

by ~ %) - b
a'(x) ~ 1'a%x) - ffa(x)
x) ~ 0¥ - fi'x)
j oo
bo(x) ~ bMx)
a%(x) ~ aM(x)
P(x) - M(x)
(- j-t¢

INITIALIZATION

IA

——— EXIT

RECURSION

INPUT: SYNDROME POLYNOMIAL S{x), INTEGER t
OQUTPUT: y A(x) = bN(x), 7 O(x) = aN(x)ix

Figure 15. BURTONIZED MILLS' ALGORITHM — FINAL VERSION
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rN(x)
rO(x)
bN(x)
bO0( x)
aN(x)
a0(x)

T S S SR Y

r“(x) «

rO(x)

pN(x) «

bO(x)
alN(x)
a0(x)

rN(x)
rO(x)
bN(x)
bO(x)
aN(x)
a0(x)

9b0(x) -

b3

o
o

>
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orN(x) = 2x7 + 10x® + x> + 10x“ + 2x3

10x3 +
9bN(x)
X2

9aN(x)

9rN(x)

7x7 + 9x® + 8x2 + 2x* + 9x3
O9x + 9

4x

9x 8

2x® + 10x7 +

gbN(x) = 2x?
9x2 + 9x
9aN(x) = &x
4x2

0 _

rj 2
2rN(x) = 8x8
2x° + 10x% +
2bN(x) = 3x?
9x3 + 9x2

2aN(x) = 8x?

4x3

+ 7x’ + 5x® + 7x> + zx*
x® + 10x> + 2"
+ Ix + 7

+ 6x’ + 3x® + 6x°
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SECTION 9 %§~ #

(a6
DECODING ERASURES pdital

‘ In this section earlier results are extended to include the

! decoding of erasures in addition to errors, where an erasure is an

l error whose location is already known to the decoder. A BCH t-error
correcting code, with minimum distance 2t + 1, is capable of
correcting any combination of v errors and u erasures for which

2v + v < 2t. Forney [9] first showea that by employing modified
syndromes one can still solve for the error locator polynomial in
the presence of erasures. Blahut [29] showed that the errata
locator polynomial (where an erratum is either an error or an
erasure) can be calculated directly (without first finding the error
locator polynomial) by initializing Berlekamp's algorithm with the
erasure locator polynomial. In this section we combine these
results to give a program which provides both the errata locator
polynomial and the errata evaluator polynomial. Errata magnitudes
can then be calculated by Forney's formula (16) or by the new
formula (24).

As in section 3, we assume a BCH code designed to correct t
errors in a codeword of length n = g™ - 1 for q a power of a

prime. Let c(x) represent the transmitted codeword polynomial and N
AT
e(x) be an error polynomial. In addition, let d(x) represent the };f:}:}j
channel erasure polynomial. The received codeword polynomial is now j%jféz%?
RS

vix) = c(x) + d(x) + e(x). g\?;,gg
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We define 2t error syndromes by

j) c(aj) + d(aj) + e(nj)

Sj = v(a

dlad) + eled) (3=1, ..., 2t)
where a is a primitive element of GF(q™).

Suppose v errors and u erasures, where 2v + p < 2t, have
occurred during transmission. We define v unknown error locations
Xy, where Xo is the field element of GF(g™) associated with
the ¢th error location, and v unknown error magnitudes Yy, where
Yo > 0 and Ygq € GF(q). 1In addition, we now define u known era-
sure locations W e GF(q™), where Wy is the field element
associated with the kth erasure location, and u unknown erasure
magnitudes Vg e GF(q). The Wy are always assumed to be distinct
from the Xy,. Vg is the difference between the transmitted
symbol at location Wy and the symbol assumed for the kth erasure
at the receiving end. Unlike Yy, Vg may assume the value 0.

The 2t syndromes are now given by the 2t BCH decoding equations

w
[}

. : A\ : 9 .
i iy - J J
ela”) +dla’) = T Y X 4 z V¥

J 9=l - k=l

E; + Dy, (3 =1, ..., 2t). (93)
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The error-and-erasure decoding problem for BCH codes is to solve o~
this set of 2t (nonlinear simultaneous) equations for the v unknown saér&,
error locations X;, the v unknown error magnitudes Yo, and the n ::'t'
unknown erasure magnitudes Vi, given the 2t syndromes Sj and the e
u erasure locations Wg. Forney's solution is to derive from the
set of 2t equations (93) a reduced set of 2t - u equations of the
form (9) which can be solved for the error locator polynomial A(x).

If we define A(x) by (10), and Ej by

Y xJ

X G=1, ., 2t)

then by a process identical to that which obtained equation (11)
from (10) in section 3, we arrive at

MEgpuops 3= 1o e, 28), (94)

o
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This set of 2t simultaneous liu2ar equations could be solved to
obtain A{x) if we knew the Ej. However, we do not know the Ej,
but only the Sj = Ej + Dj» where
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We now define the erasure locator polynomial as the monic

polynomial having zeros at the inverse erasure locations w;l for
k = 1’ .Q" u:
u g 1
k(x) = 7 (1 - NkX) =1+ KX . (95)
k=1 i=1

(If u =0, c(x) is defined as the zero-degree polynomial 1.) Forney
uses the erasure locator polynomial «(x) to define a set of 2t - p
modified syndrowes T3 (j = u + 1, ..., 2t) and to derive a reduced
set of 2t - u equations from (Y4) in the modified syndromes T;

which can be solved for A(x).

Let the modifiea syndromes be defined by

T. = ¥ KiS

) e, (=t 1, ..., 2t). (96)
b 45 VI

By extension, defining Sj = 0 for j outside the range (1, 2t)
allows (96) to be used for defining T; for j outside the range
(n+ 1, 2t).

Now, since Wc=! is a zero of «(x) for k = 1, ..., u, we have

and
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Therefore, ""'::‘

1L U
T.= % %S, .=V «.(E, . +#D, ,) = (Y (97) 2
. ORI B B RPN s B :

: We now multiply (94) by «y and sum u + 1 successive equations, ‘f—
using (97) to obtain the set of 2t - . equations AL

v wapie gy
VoAE. . L) ey
i=1 17 Jtv=1-2

C
[}
A
hSd
—
m

N -
; = \ s '?('_‘.‘:;\-
; = Tj+v + 11 AiTj+v-'i’ (j=u+l, ...,2t). (98) GGG

)
This set of 2t - .. equations in v unknowns Aj, where 2v < 2t - u, ‘*'
is exactly analogous to the set (11), and can be solved for A(x) by
the Peterson-Gorenstein-Zierler algorithm exactly as in section 3.
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The modified syndrome polynomial is defined analogously to S(x)

by
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and the errata locator polynomial N(x) is defined as the product of
the erasure locator polynomial ana the error locator polynomial:

/s,
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{ mix) = «(x)a(x). (100)
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We shall re-use 2(x) to denote the errata evalulator polynomial,
which is defined by the key equation for erasure-and-error decoding:

a(x) ln(x)S(x)' 2t
X

',\(x)T(x)l 2t (101)
X

Any of the programs (see, e.g., Berlekamp [8], pp. 229-231 and
Sugiyama, et al. [30]) supplied in sections 4 - 8 can be used to
decode both erasures and errors, yielding A(x) and o(x), if we first
replace S(x) by T(x), as computed by (99). The error locations can
be determined by applying a Chien search either to A(x) or to "(x).
T(x) can be obtained from A(x) and x(x). Forney's formula (16) now
becomes

-1
Q(Xj )

Y. = ~ (102)
J n'(XEI)

where Y; and Xj are now interpreted as errata magnitudes and
locations, and j runs from 1l to v + n.

However, Blahut [29] has pointed out that it is unnecessary to
obtain A(x). If, in Berlekamp's algorithm, the shift-register
connection polynomial b(x) is initialized by the erasure locator
polynomial k(x), then at termination this polynomial will yield mn(x)
in place of A(x). (In program 6 we initialize % and j by the number
of erasures u and y(x) by x(x); the length test (1ine 8 of the
recursion) is modified to “j + u : 2°"; the length specification
(1ine 10) 1is changed to "® « j - ¢ + ;1"; and the modified syndromes
Tj are used in place of the syndromes Sj at line 5 of the
recursion.)
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If we use one of the Euclideanized versions of the Berlekamp- ‘:*é‘:'.‘;'::
Massey algorithm, we directly obtain the errata evaluator polynomial b J.‘l‘s';
n(x) as well as "(x). We show this in program 16, which is program '!t;?."':.‘(
13 (Burton's algorithm) modified for handling erasures, and with &,\,*
a{x) superimposed on r(x). In this program the integer . represents . “'.i:’;é
the number of erasures. If u = 0, the program functions 1ike gtj”?
program 13. There is no confusion in superimposing aN{x) and PR
rN(x), since at iteration j, r%" =0 for i < j, * < j, and by ,..,...,.4
(66) a'{‘ =0 for i > ¢. When n > 0, r? may be nonzero for i < p f,:'\??:::"ﬁ
at iteration j > u, but a"j‘l = 0, so there is no problem in ,::':‘,: ‘::::.:
determining r"]". '!_',c'.,'n s',:';'.g
r—,.x_"

There is a problem with rO(x), however. Hote that rO(x) is At s::us:‘.

now initialized by U, tne sum of the initializations for a0(x) and ."’:::
rO(x) in program 13, but we still neea rU(x) = 1 for the initial ¢ nl
update of rl(x). Therefore, following Burton [27], we retain an o -&
additional variable 5 to represent the ola discrepancy value. This “u&%
is initialized as 1 and updated as the current discrepancy d at v;*‘%";-r
every length change. The variable & is not needed if a(x) and r(x) NadIy
are not superimposed. Pt i~-:

ey

o Ry

At termination we have ‘::\.\ﬁv b
it

M(x) = a¥(x)(-1) + BN(x)xs(x). P

:x'f:\'.:"':

For bN(x) to give v1(x), we must have, by (101), ;78:'-%:
" = Id

valx) = [(aN(x) + rN{x))/x 2t '}t\";‘

" St

A

thus providing the motivation for superimposing the two polynomials. \,:-:E’E:

LR ILH
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— [~ H
Y 6~ 1 -  P(x) - xr(x)
e
4 P - 0 b°(x) - xbO(x)
b box) - 0 ™Nx) ~ r'(x)
r'(x) — xS(x) bN(x) ~ bT(x)
bT(x) ~ 1 e+
. >
j-0 _ it ——» EXIT
H : 0 d - 'r
> A . d: o0
i) = (1 - Wix) r'x) (x) ~ 3(x) - dro(x)

b¥(x) < 3bN(x) - db°(x)

TYRR
INITIALIZATION Px) - Mx)

bT(x) ~ (1 - W;x) bT(x)

)} ooom _

b%x) ~ bMx)

6+~d
(= j=-Cl+u

RECURSION

INPUT: SYNDROME POLYNOMIAL S(x), ERASURE LOCATIONS W, (FIELD ELEMENTS)
NUMBER OF ERASURES ., INTEGER t

OUTPUT: yI(x) = bM(x), 12(x) = [M(x)ix| ,

Program 16. DECODING WITH ERASURES
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If A(x) is defined analogously to (19) by

A(x) = L(T(x)S(x))/x?t] (103)

then at termination of program 16 we have A(x) given by
L((aN(x) + rN(x))/x)/x?t], which, since a(x) and r(x) are
superimposed in program 16 is simply [rN(x)/x2t*1}. Error
magnitudes can then be calculated by a revised version of (24):

A(X.)
J n-a
Y Z - _— . X. (104)
J it(x,) 9
J
where n is the codeword length and d is the designed distance of the fﬁ? x,“ﬁ
/, .

code.

For an example we again call upon the Reed-Solomon
3-error-correcting code over GF(11) with o« = 2.
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Example 21: Reed-Soloman 3-error-correcting code over GF(11) with ity
a = 2 ® 'IF“H‘

t = 3; Let c(x) = 0, e(x) = 3x3 + 7, d(x) = 6x° + 5x8. i S

+

vix) = c(x) + d{x) + e(x) = 6x° + 5x% + 3x3 + 7 IRRN

Since v(x) for this example is 7 + v(x) for ex. 3, the Sj for this -
example are 7 + Sj for example 3. 7 .f‘v':‘,

S(x) = 6x> + 3x* + 5x3 + 4x? + 9x + 5 '4'9:'0'::

=0, v=u=2,5=1, rO(x) =b0x) =0 R

o l'.::
. {
rT(x) « xS(x) = 6x° + 3x° + 5x* + 4x3 + 9x2 + 5x Ny

ax” + 8x® + 10x° + 4x" + 10x3 +
5x2 + 5x S
8x + 1

rT(x) « (1-3x)rT(x)

"
3o

bT(x) « (1-3x)bT(x)
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9x8 + Ox7 + 3x® + 8x> + 10x“* + 2x3 + W
8x2 + 5x i

7x2 + 2x + 1 ~

riix) « (1-6x)rT(x)

.

o Ay

."?1'.
19 5

bT(x) « (1-6x)bT(x)

X
i

rs

Y
N
2.9,

=
4 >
o
- )

2"t

. s

j=3, v=2:r5=2,6=1 S

rN(x) « N(x) - 2r0(x) = 74 3x5 + 8x5 + 10x"* + o E
§x2 + 5x :-::’_:C:-F.‘-'
+ 8x5 + 10x° + Ty
2x" + 8x 2
bN(x) « bN(x) - 2bogx) = 2

9x
%x
rO(x) « xrN(x) = 9x° + Ox ]
= 7x
bO(x) « xbN{x) = 7x3 + 2x?

+ o4+ 4+ woom
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j=4,1=3:rj=10,6=2

rN(x) « 2rN(x) - 10r0(x) = 9x® + 7x8 + 3x +
3x® + 4x° + 0x"* + x3 + 10x2 + 10x
rO(x) « xr0(x) = 9x1? + 0x® + 3x® + 8x7 + 10x® + "i'.:i"'
2x° + 8x" + 5x? g'. R
bN(x) « 2bM(x) - 1060(x) = 7x> + 5x2 + 6x + 2 ) "
bO(x) « xb0(x} = 7x* + 2x3 + x?2 ’4::"
J=5,Q=3:r5-1=4,f>=2 "'}&'ﬁi
{
2 !
rN(x) « 8x!0 4+ 7x% + 2x® + 7x7 + 10x® + Ox° + K 'a.:i
x* + 4x3 + 9x? + 9x et
rO(x) « 9x1% + 7x% + 3x® + 3x7 + 4x% + Ox° + x“ + Sty
10x® + 10x2 A
bN(x) « 5x“ + 6x° + 6x + 10x + 4 R
bO(x) « 7x“ + 5x3 + 5x% + 2x @T: )
> ,
) AN
. M §§ %
j=6,2=4:r5=10, 8=4 phd w;:
rN(x) « 8x20 + 2x% + O0x® + 9x7 + Ox® + Ox> + 5x“ + 4x3 + :-“3';:'..-“
2)(2 + 3x \,::.\‘,-f,-,""‘,
rO(x) « 9x11 + 7x20 4+ 3x% + 3x® + 4x7 + Ox® + x° + :'.:‘, %
10x* + 10x° NN
bN(x)«Sx"+7x3+7x2+9x+5 "
bO(x) « 7x° + 5x* + 5x3 + 2x2 AR
N
¥, ou Ny
. _ Sl STt
J=7, stop: y=5, vy =9 BAN G
RN,
M(x) = v 1bN(x) = x* + 8x? + 8x2 + 4x + 1 -
: 0
‘ a(x) = y-1 |rNEx) /x| oy = y-H5x® + 4x? + 2x + 3) ‘ '.:-:'.:"'u"
x2t &) ‘.“:'(
=x3 + 32+ Tx + 5 A
NN
x2tA(x) = v=1(rN(x)/x) 2

"--'.
LTS

v -’
&

Alx) = 6x3 + 7x2 + Ox + 4

"
v
o
P4

: 165

iy : }"“ :\)C' R x)@\}\k}: :&'« :}. \):}*}5\;:‘:\%'\': E
.o.; .‘::"."\"‘\0 e .-. Ty A 2 R TD R T

.\X \' ALEY -,. L \.‘\"‘"n .h-
AT SN -‘ WA
y

\_ "\ h

‘\, \

TN

\_ ,‘*\) 's.-s.\



Voh v p Ngt aiavabat R N N N N Y P R Y X Y RN PR SR N R P TF N DF D) W WV V@ LV R :\"ti
NN
AL
..
ol N
h’$-~..ﬂw
r,‘:;-.r-;x'
RGN
e
kr'k-h""n“.\f
L
' ®
. . !
Chien Search: ad T(nd) ':"'1"-:'3
O
LY -h *
bt
0 1 0 SRy
1 2 0 —
2 4 0
3 8 3
4 5 9
5 10 9
6 9 10 iy
7 7 0 (el AT
8 3 8 i
9 6 ey
¢ D
t‘g‘::e i::(
t
Inverse errata locations: a0, o/, o?, o} "'.\:a
Errata locations: a0, 3, « s o« k‘if'&n ,:"n,
' ®
SN
Errata Magnitudes Q& ")
k‘%‘?ﬁ ¥
RE A
a) evaluated by Forney's formula (16): AR
L
m(x) = 4x3 + 2x2 + 5x + 4 -\f}l:f“}ji;_
':'7\;”'\.’:‘@ 0!
SN
y o(0) 1+3+7+5 5 ; ROlpSathY.
1 S = e——— T - = o= ——— = ‘»
T (o0) 4 +2+5+4 4 AR
"
R
y 2a’) 2+ 4+54+5 5 ., BN
2 % - —— = - = -—-= W
m'(a’) B+10+2+4 2 D e
A AR
NS AR
o(a?) 9+4+6+5 2 RS,
Y3 = - — = - =-—=5 AN
m'(a?) 3+10+9+4 4 RS
—
1 :I-;L‘{tﬁ.
Qfa®) 8+1+3+5 6 vy
Yy = - _..__.1__ = - = - =6 ‘a'_\:,.:._:.‘_:
m'(a*) 10 + 8 + 10 + 4 10 AR

-y
.
<.;.'
wa
J"J
b
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b) evaluated by the new formula (24):

R(x) = 4x> + 7x + 6
ilx) = x* + 4x3 + 8x%2 + 8x + 1
fi'(x) = 4x3 + x2 + 5x + 8
n-d=(g-1) - (2t+l) = 3
Ala?) 4+7+6 6
Yl = - _—-—a0'3 = ——— = - = 7
' (a?) 4+1+5+8 7
Alo®) 2+1+6 9
Y2=-- r!3'3=_._. —— e 6 = —— .6:3
' (o?) 2+9+7+8 4
A(«®) 9+ 10 +6 3
Y; = - a8°3 = e 5 =me— +5=§ o3
- ()
7 (a?) 9+9+4+8 8 AR
N
‘\-'\-\
PR
- A--\ \.h
A(a’) 6+9+6 10 RERNARG
Y“=-_——-—(19.3= ¢« 7 = «» 7 =6 w .
fi'(a) 6+3+6+8 3
The loop in the initialization box of program 16, adapted from
Blahut [29], simultaneously computes the erasure locator polynomial
and the modified syndrome polynomial for initializing bT(x) and
rT(x). It is apparent that this loop, or its equivalent, can be
added to the initialization box of any of the decoding programs
discussed earlier for converting them for the handling of erasures.
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Thus, we can appropriately modify any of these programs to yield
both "(x) and 2(x) for error-and-erasure decoding of BCH codes. As

an example we give program 17, which is an adaptation of program 4
for erasure decoding.

In program 17 f(x) is defined as x°t and g(x) as S(x), so
that at each iteration k we have the relation

lrk(x)lxzt = lbk(x)s(x) ot

holding. In particular, for k = -1, rK(x) = x°% and

bK(x) = u and for k = 0, rk(x) = S(x) and bK(x) = 1. At the
conclusion of the initialization loop rK(x) = T(x) and bK(x) =
k(x). At termination of the program rk(x) = o(x) and bK(x) =
m(x), as desired.

Example 22: Reed-Solomon 3-error-correcting code over GF(11) with
a =2

= 3; Let c(x) = 0, e(x) = 3x3 + 7, d(x) = 6x° + 5x8.

vix) = c(x) + d(x) + e(x) = 6x° + 5x8 + 3x3 + 7.

S(x)

6x> + 3x" + 5x3 + 4x2 + 9x + 5

= 0: rO(x) = x2t, b0(x) =

rN(x)

S(x) = 6x> + 3x" + 5x3 + 4x2 + 9x + 5
bN( x)

1
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)
)
)
)
)
)
START —— (x) i o deg (r“(x)) N ]|
. Mx) < s ) Pt
)
) 0 Y < - el
R
[ LAUBERA S Px = P
i 0 M < )
. B0 = y) < b°(x) - glb™(x)
. [ )~ bMx)
M) W ) o )~y ey ®
Y < (Wb RECURSION -
‘,)“ (¥
7 < i 2 BELl
. ,
s
; INITIALIZATION o
] hY
] :\‘
: 2
INPUT: POLYNOMIALS x%, $(x); ERASURE LOCATIONS W, N
NUMBER OF ERASURES ., INTEGER t
4 OUTPUT: 4l1(x) = b(x), 10(x) = rM(x)

PROGRAM 17: JAPANESE ALGORITHM WITH ERASURES ~



?

rN(x) «](1 - 3x)rN(x) 2t

bN(x) « (1 - 3x)bN(x) = 8x + 1
rN{x) «](1 - 6x)rN{x) 2t = 3x> + 8x*
X

bN(x) « (1 - 6x)bN(x) = 7x% + 2x + 1

alx) « |rO(x)/eN(x)| = ax + 4

rN(x) « rO(x) - q(x)rN(x) = 5x* + 7x3
bN(x) « bO(x) - q(x)bN(x) = 5x3 + 8x?
a(x) « [rO(x)/rN(x)] = 5x + 10

PNix) « r0(x) - q(x)rN(x) = 8x3 + 2x?
bN(x) « bO(x) - q(x)bN{x) = 8x"“ + 9x°*

deg(rN(x)) = 3 < 4

t + |u/2]; stop.

y=8,yl=7
mix) = y-1bN(x) = x* + 8x3 + 8x2 + 4x + 1
a(x) = y-2rN(x) = x3 + 3x2 + 7x + 5

+

= 8x° + 10x" + 4x3 + 10x2 + 5x + 5

10x3 + 2x2 + 8x + 5

4x2 + 3x + 2
10x + 7

x + 7
9x2 + 10x + 8
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SECTION 10
CONCLUSION

The decoding algorithms of Sugiyama, Kasahara, Hirasawa, and
Namekawa, of Mi]ls: and the Berlekamp-Massey algorithm have been
reviewed and compared. All can be viewed as variants of Euclid's
algorithm. Various enhancements of these algorithms have been
considered, including modifications which avoid the computation of
finite field inverses, and which permit decoding of erasures in
addition to errors.

The Japanese algorithm and Mills' algorithm are based on a fﬂ;gi%if
direct application of Euclid's algorithin to solve the key equation lﬁ;ﬁgxi'
(14) for BCH decoding. We have seen that when the polynomial s A

divisions contained in these algorithms are broken down into their R
'J'_..' ._‘- B
individual partial divisions the result is a two-loop structure ;;Qﬁﬁia
. . coe s . . . =y
depending on whether a polynomial division is or is not being ‘dkfw’*
Y

completed. These decoding algorithms, therefore, appear to be at a
disadvantage compared to the single-loop Berlekamp-Massey algorithm.

Treating the Berlekamp-Massey algorithm in a Euclidean context
yields the error (or errata) evaluator polynomial in addition to the
locator polynomial and obviates the need to perform a vector inner-
product calculation for computing the discrepancies. In this form
the algorithm appears to be well-suited for VLS! implementation in a
systolic array. This implementation will be the subject of further
investigation.
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selected acquisition programs in support of Command, Control,
Communications and Intelligence (C3I) activities. Technical and
engineering support within areas of competence is provided to
ESD Program Offices (POs) and other ESD elements to
perform effective acquisition of C°1 systems. The areas of
technical competence include communications, command and
control, battle management information processing, surveillance
sensors, intelligence data collection and handling, solid state
sctences, electromagnetics, and propagation, and electronic
reliability/maintainability and compatibility.




